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Abstract: In the note, recent efforts to derive fractional quantum mechanics are recalled. Some applications of a fractional approach to

the Schrodinger equation are discussed as well.
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I. INTRODUCTION

The concept of fractional calculus, originated from
Leibniz, has gained increasing interest during last two
decades (see e.g. [1] and activity of the Fracalmo research
group [2]). However, only during the last decade have
scientific papers concerning fractional quantum mechanics
appeared. Laskin [3] has shown that the path integral
approach over Lévy paths leads to fractional quantum
mechanics. Next, he considered the fractional Schrodinger
equation for some particular cases like fractional Bohr
atom and 1-dimensional fractional oscillator [4]. Some
other cases of the fractional Schrodinger equation were dis-
cussed by Naber [5] and Ben Adda & Cresson [6]. Re-
cently Herrmann has applied the fractional mechanical ap-
proach to several particular problems [7-12].

Fractional calculus. The fractional calculus provides a set
of axioms and methods to extend the coordinate and
corresponding derivative definitions from integer n to
arbitrary order ¢, {x", E)”/ax”} — {x%, a“/ax“} in a rea-
sonable way. The first question was already raised by
Leibniz (1646-1716): Can we define a derivative of the
order 1/2, i.e. so that a double action of that derivative
gives the ordinary one?

The definition of a fractional derivative is not unique;
several definitions (the Riemann-Liouville, Caputo, Weyl,
Riesz, Griinwald [1]) coexist.

The Riemann-Liouville fractional integral is defined as
follows
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In (1) 7'(z) is the Euler gamma function.

The Riemann-Liouville fractional derivative is defined

as the result of fractional integration followed by the
ordinary differentiation:
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The Caputo fractional derivative. The Caputo definition
of the fractional derivative follows the inverted sequence of
operations. An ordinary differentiation is followed by the
fractional integration:
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In the sequel we follow the Riemann-Liouville defi-
nition of the fractional derivative.

The fractional Schrodinger equation. The most general
fractional Schrédinger equation may be obtained when
d 0" d o’

— > and — > —
o ot ox o’

However, special care has to be undertaken in order to
introduce canonically conjugated observables X and P,
which are introduced as derivative operators on a Hilbert
space of square integrable wave functions f. In standard
QM, the space coordinate representations of those opera-
tors are

Xf(x)=xf(x), Pf(x)=—ihd, f(x),

II. SPACE FRACTIONAL
SCHRODINGER EQUATION

Generalizations of operators X and P to the fractional
order [7, 8]

Let us define
% = sign(x)|x|* and 52 =sign (x) D* (|x]).
For f(7)=

%' we obtain
—~ _,  I'(+va)

— —v—1
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We are able to define Riemann-Taylor series f (¥) on R
F =M« Y ax" )

With the integral operator j“i‘dﬁ =sign(x)/ (Ix]) one de-
fines the fractional scalar product
I

J aife

x|

(flg)= Vg (%) (5)

With these definitions the fractional observables X and P
read as

r=(2)" ) .
and £f(7) = —i(ﬂa meD, 1 (7).

[X,P]f(x)=in.

For a function set { f(x)= )_(v} the commutation relation

takes the following form
[)A(,}A’]z—ihc(v,a), (7
where
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The above definitions may be extended to a multidi-
mensional case, for N particles, i = 1,..., 3N

() )
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On a function set of the form
U G 7o) =T 7]
one obtains
[ %%, = BB =0,
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where
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Angular momentum operators and eigenvalues

In [8], R. Herrmann defines angular momentum-like
operators

Ly=X,P;=X;, b ==ih(7:D;~7;D;).  (10)

Their commutation relations are isomorphic to an extended
fractional SO%(3N) algebra

[yl ] =

=ihe (v,00) (0L, +0 L

im™ jn Jjnim

(11)
= 0Ly =0 Ly )-

in™ jm Jjm*™in

Casimir operators Ai associated with SO%k) may be
defined as

Ly 2 k=2..3
EZ(L,.,A,) , k=2,...,3N.

i,j

Ay = (12)

They fulfill the following commutation relations:
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[Ay.L;]|=0 and [A}.A%]=0.

For (N = 1) one has and jz(a) =A,=L, and
J*(@)=A, =1} =L}, + [;;+ L5;. Then, one can find so-
lutions for eigenvalue equations for fractional case
I (1+ Ma)

J. (@)Jm), B

lJM)

(13)
M=0,x1,£2,...,+J,
J(lun), =h2w|JM>f’
Ir'1+(J-Da) (14)

J=0,+1,+2,...,

which for =1 coincide with the usual angular momentum
eigenfunctions and eigenvalues (| JM) ; (a=1)—|JM >)

II1I. SOME RESULTS

Applications of fractional quantum mechanics to some
particular problems have been done up to now only by
R. Herrmann [7-12]. In [7] the author shows that charmo-
nium spectrum may be understood quantitatively in the
framework of (space) fractional Schrodinger equation with
a=12/3.

In [8], he shows that measured energies of rotational
nuclear states may be reproduced by the fractional
symmetric rigid rotor model. Rotational, y-unstable and
vibrational character of spectra is obtained for different
valuesof : 1 > o> 08,08 > a>0.6,06 > a> 04,
respectively (see Fig. 5 from [8]). In [9, 10] R. Herrmann
emphasizes the close relation between fractional calculus
and g-deformad Lie algebras and discusses the principle of
local gauge invariance for fractional fields.

n [11] the author constructs nuclear single particle
Hamiltonian from fractional rotational groups SO (3) and
then applies it as a basis to calculate the microscopic part
of the total nuclear energy within macroscopic-microscopic
approach. The model reproduces magic numbers and for
spherical nuclei and can be extended for deformed nuclei.
That potential used in calculations of nuclear masses
(binding energies) approach performs quite well (see Fig. 7
from [11]). The similar approach has been used in [12] for
obtaining electronic magic numbers in metal clusters.

Time fractional Schrodinger equation

The general idea is to replace 8/8t—>8“/8t“ or
ihd/dt — (ihd/ot)" keeping the position and momentum
operators in the usual form. M. Naber [5] gives some

physical arguments in favour of the latter case. He con-
siders the time fractional Schrodinger equation for a free
particle and a particle in a potential well and obtains
solutions in terms of Mittag-Leffler functions and functions
related to them. For the free particle case the wave function
evolves in such a way that the total probability increases
with time and for  — oo reaches the limiting value 1/¢7.
The same result was obtained in the case of the particle in
a potential well. However, the energy levels for the
potential are time dependent. All those results apply to the
case with are (0, 1]. It is worth mentioning that though the
qualitative properties of the time evolution are known, the
details are hidden in hardly computable special functions
(Mittag-Leffler, Fox, Wright etc.).

Recently, working on some other problems, we have
developed a numerical method for solving integral equations
of convolution type [13]. Such integral equations appeared to
be (under some assumptions concerning boundary condi-
tions) equivalent to differential evolution equations with
fractional time but with a fractional derivative of the order
a € [1, 2]. Below we present the first results obtained for
the time fractional Schrodinger equation with e e [1, 2] for
a free particle. The method is applicable to a particle in
a potential depending smoothly on coordinates, as well. In
our numerical exercise we simplified the fractional
Schrédinger equation to the following form:

(zij w(x, t)= ~V2y(x,1). (15)

ot
The time evolution of the free particle Gaussian wave
packet according to the equation (15) is presented in Fig. 1.
The presented results correspond to fractional order or=1.02.
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Fig. 1. ‘w(x)‘z (15) as function of the position for time instants
t=0,1,2,3,4,5and 6

The initial wave function is

2
w(xt=0) =(2ﬂ')_1/40'1/zexp[—(x_xg)
40
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where xy = 0, po = 1 and o = 2. The details of the wave
packet motion (real and imaginary parts of y ) are similar
to the case of an ordinary Schrédinger equation. However,
it is seen that the total probability increases with time. For
bigger values of & the probability increases much faster.

In conclusion, we want to emphasize that though the
basis of fractional quantum mechanics is already formu-
lated, the range of solved problems is very narrow. There-
fore, it can be considered as an interesting field for further
exploration.
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