
COMPUTATIONAL METHODS IN SCIENCE AND TECHNOLOGY 16(2), 141-146 (2010)   

I.  INTRODUCTION 
 

 More than 50 years of studies of systems which 
particles interact via hard-body potential (infinite when 
some particles overlap and zero otherwise) proved that 
many complex physical phenomena can have purely geo-
metrical origin. Pioneering works on hard sphere systems 
[1, 2] provided a deeper insight into freezing of rare gases 
[3, 4]. Other papers showed that even very crude molecular 
models such as hard spherocylinders [5, 6], ellipsoids [7-9], 
and dumbbells [10-13] exhibit surprisingly rich phase 
diagrams and they are able to mimic many phases 
encountered in real liquid crystals and solids.  
 From their very nature hard-body systems serve as 
a convenient reference systems in which short range repul-
sion interactions and thus packing effects play dominant 
role, such as fluids. They were also successfully used for 
studying phase behaviour of propane [14] and benzene [15, 
16]. Also they proved useful in investigating phase equilibria 
of chiral molecules and enantiomeric mixtures [17, 18].  
 One of the most significant characteristics of a system 
is its phase behaviour. To study phase diagrams of physical 
systems, the knowledge of the Helmholtz free energy [19] 
at given conditions is necessary, since only the system with 
minimal free energy will be thermodynamically stable. In 
general, the analytical determination of the free energy is 
difficult and often impossible, even for simple theoretical 
models. Fortunately, computer simulations provide a useful 

tool for determining phase behaviour of model systems. In 
particular, they were applied to solve the long standing 
problem of thermodynamic stability of the hard sphere 
system. It is well known that hard spheres can be arranged 
into infinitely many various close packed structures. The 
most noticeable are two of them: (a) the hexagonal close 
packed (hcp) and (b) the face centered cubic (fcc) structure. 
It was found that the free energy of fcc structure is lower 
then the free energy of hcp structure [20-23]. Moreover, the 
fcc lattice is the most stable one of all close packed 
structures of hard spheres [24].  
 In the present paper, we consider a few structures 
formed by hard tetramers of tetraedric symmetry. The hard 
tetramer consists of four adjacent hard spheres (each of 
diameter σ  which is further considered as a unit of length) 
which centers are located in the vertices of regular tetra-
hedron. The simplest structure of such molecules is that in 
which the mass centres of the tetramers are arranged into 
a simple cubic lattice and the molecules are identically 
oriented, further referred to as the FCC1, in the way in 
which their ‘atoms’ (spheres) form the fcc lattice. Some 
alterations are made to it (described later in the detail) to 
obtain new structures, denoted by FCCi, i = 2, ..., 6. 
However, in all investigated structures the ‘atoms’ remain 
arranged into the fcc lattice, at the close packing.  
 We chose such a model molecule and its structures for 
the following reasons. As it was mentioned above, the fcc 
structure has the lowest free energy for hard spheres. It is 
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then not unreasonable to assume that the same will be true 
also for multisphere bodies which can be packed in the 
same way as hard spheres. In contrast to hard dimers 
[25-27] and hard trimers [28] which crystallize into 
degenerate crystalline phases, hard tetramers cannot be 
easily (if at all) arranged into analogous structure. Hence, 
the degeneracy per particle (if non-zero) cannot be large 
and it is meaningful to assume that their ‘ground state’ 
corresponds to a periodic crystal what significantly simpli-
fies free energy calculations. We start with a highly sym-
metric structure what reduces the number of parameters 
required for description of their structural and (probably 
also) thermodynamic properties.  
 The aim of the studies described in this paper is to 
determine how modifications of a simple, highly symmetric 
structure affect the value of its free energy. One of 
consequences of these studies is determination of the most 
stable structure (i.e., the one of the lowest free energy) 
amongst the studied ones. This research is a first step in 
solving a more general problem of determination of the 
stable solid phase of hard tetramers. The answer to the last 
question should help in understanding stability of some 
molecular phases.  
 
 

II.  METHOD  DESCRIPTION 
 
 A standard technique of determining the free energy of 
model solids is the so-called Einstein-crystal method [29, 
30]. Not only is it simple but it is quite precise [23], as 
well. Although initially used for spherical molecules, it can 
be also extended to non-spherical molecules in a quite 
straightforward manner [8, 14, 15, 18, 31-33]. The basic 
idea standing behind this method is to find a reversible path 
linking the solid under consideration with the noninter-
acting Einstein crystal of the same structure, the free 
energy of which is known exactly. For a system consisted 
of N nonlinear molecules (such as tetramers) appropriate 
linkage between the solid under consideration and the 
reference state can be achieved by replacing the original 
hard-body potential U0 with the following [33] one:  
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where 0
i i−r r  is displacement of molecule i from its 

equilibrium position 0 ,i iθr  is the angle between body-fixed 
z-axis of the i-th particle and its average direction. Analo-

gously, iψ  is the angle formed between body-fixed x-axis 
of the particle i and its average direction. Parameters iλ  
(i = 1, 2) measure the strength of harmonic coupling of 
molecules to their equilibrium positions and orientations, 
respectively. It is usual practice to set their numerical 
values to be equal, thus both of them will be hereinafter 
referred to as .λ   
 For numerical reasons [29, 30], the free energy calcula-
tions are carried out with fixed center of mass of the 
system. In such a case, the Helmholtz free energy of the 
solid can be expressed as [34, 35]  

  CM CM CM
E,id E λf f f f f= + Δ + Δ + Δ   (2)  

where f βf N≡  and B1β k T=  with T being the tem-
perature. Symbol CM

E,idf  denotes the free energy of the ideal 
(non-interacting) Einstein crystal with fixed center of mass. 
For atomic solids it can be computed analytically [36]. In 
case of molecular solids numerical estimation are usually 
required [37] or for large values of λ  some approximations 
can be made [14, 38]. The second term CM CM CM

E E,sol E,idf f fΔ ≡ −  
represents the free energy difference between the inter-
acting and ideal Einstein crystal, both with the center of 
mass fixed. For fixed values of coupling parameters it can 
be written as  

  ( )CM
E 0 E,id

1 ln exp .f βU
N

Δ = − −  (3)  

The average is taken over the states of the noninteracting 
Einstein crystal. For sufficiently large values of λ  this contri-
bution is expected to be very small, practically negligible.  
 The next term in Eq. (2), CM CM CM

sol E,sol ,λf f fΔ ≡ −  repre-
sents the free energy change related to switching off the 
harmonic coupling, i.e. the free energy difference between 
solid under consideration and the interacting Einstein crystal 
(both with center of mass fixed). It can be written as [35]  
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 Symbol NVT…  denotes averages taken over the cano-
nical ensemble.  
 Finally, the last term CM

sol solf f fΔ ≡ −  represents free 
energy change between an unconstrained solid and the 
solid with fixed center of mass. Its detailed derivation can 
be found in Refs. [30, 35, 36, 39]. 
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(a) FCC1 

 
(b) FCC2 

 

  
(c) FCC3 

 
(d) FCC4 

 

  
(e) FCC5 (f) FCC6 

Fig. 1. Closed packed crystalline structures of hard tetramers which ‘atoms’ form the fcc lattice. The tetramers with unchanged 
orientations (relative to FCC1) are yellow. The tetramers rotated about 2π  around one of their 2-fold axes are grey 
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III.  RESULTS  AND  DISCUSSION 
 
 We considered six different crystalline hard tetramer 
structures in which ‘atoms’ of the molecules constitute fcc 
lattice at close packing limit. They are illustrated of Fig. 1. 
In FCC1 structure tetramers are arranged in simple cubic 
lattice with the lattice constant 2a =  and their 2-fold 
axes are parallel to z-axis. It is worth noticing that all sub-
sequent structures, counting from FCC2 to FCC6, are modifi-
cations of this structure. In FCC2 every even xy-plane of 
tetramers was shifted by the vector [a/2, a/2, 0]; in FCC3 
every even xy-plane of tetramers was shifted by [a/2, 0, 0] 
and the tetramers in those planes were at the same time 
rotated by 2π  around any of their 2-fold axes. Analogously, 
in FCC4 structure, in every second plane tetramers were 
shifted alternately by vectors [a/2, 0, 0] and [0, a/2, 0] 
respectively relative to FCC1 and rotated as described above.  
 In the case of FCC5 and FCC6 structures rows of tetra-
mers were shifted instead of their planes and the molecules 
were rotated in the shifted rows.  
 In FCC5, in every odd plane every even row of tetra-
mers was shifted by the vector [a/2, 0, 0] and tetramers 
were rotated as before. In every even plane the opposite has 
been done – every odd row was shifted by the same vector 
and tetramers were rotated appropriately.  
 In the last structure (FCC6): (a) tetramers in every odd 
row in every odd xy-plane were shifted by the vector [a/2, 
0, 0]; (b) tetramers in every even row in every even xy-pla-
ne were shifted by the vector [0, a/2, 0]; (c) tetramers in 
every even row in every odd yz-plane were shifted by the 
vector [0, 0, a/2]. As before, tetramers in every shifted row 
were rotated by 2π  around any of their 2-fold axes.  
 At the initial stage of free energy calculations, all 
investigated structures were equilibrated in a variant of 
constant pressure MC simulations in which simulation box 
could vary both in size and shape. Every NpT run consisted 
of 1.1 × 107 MC cycles. The acceptance ratios were kept at 
level of 30% and 20% for translational-rotational moves 
and the volume changes, respectively. The dimensionless 
pressure 3

B*p pσ k T=  was set to 6.4752 to ensure that 
the final reduced density 0*ρ ρ ρ=  (where 0ρ  is the 
density of the structure at close packing) will be close to 
0.7500 – value which lies fairly close to the density at 
which hard tetramer system melts spontaneously. Those 
runs allowed us to determine precisely the equilibrium 
structures for free energy calculations at the given density 
by averaging the box parameters and both positions and 
orientations of the particles.  
 After obtaining reliable reference structures and follow-
ing the procedure described in [30], a 20-point Gauss-Le-

gendre (GL) quadrature was used to estimate the integral in 
Eq. (4). For each structure, simulation in NVT ensemble 
consisted of 120 000 MC cycles (20 000 for equilibration 
and 100 000 for averaging) for each GL point. The ac-
ceptance ratio for translational-orientational moves was kept 
at the level of 30%. The parameter λ  was equal 32 000.  
 To estimate the N-dependence of the free energy term, 

CMΔ ,λf  samples consisting of N = 64, 216, 512 i 1000 mo-
lecules were used for each structure. The obtained results 
are illustrated in Fig. 2.  
 
 

 
Fig. 2. N-dependence of the free energy term, CMΔ ,λf  for the 
hard tetramer crystalline structures obtained at ρ  = 0.7500 with 
λ  = 32 000 using 20-point GL quadrature to evaluate the integral 

   in Eq. (4). The lines present linear fits to the data depicted  
 
 
 Since we are interested only in relative differences 
between the free energies of the investigated structures we 
can limit our considerations only to the comparison of the 
values of CMΔ λf  expressed in Eq. (4). The value of λ  was 
chosen to make the term CM

EΔf  negligible and the rest of 
correction terms are identical in case of all structures.  
 As one can see, the FCC1 structure, exhibiting the 
highest symmetry of the studied structures of the tetramers, 
has the highest free energy. Shifting the xy-planes of tetra-
mers alone along x-axis (FCC3) or alternately along x- and 
y-axes (FCC4) lowers the free energy significantly. More-
over, shifting the xy-planes of tetramers along direction 
[110] of the fcc lattice (FCC2) lowers free energy even 
more. Shifting only the rows also lowers the free energy in 
significant way. In fact, structure FCC6 has the lowest free 
energy among the investigated structures.  
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IV.  SUMMARY 
 

 The free energy of the simple cubic structure of hard 
tetramers which ‘atoms’ (hard spheres) are arranged into 
the fcc lattice (with lattice constant 2a =  at close pack-
ing limit) was compared to the free energies of five other 
crystalline structures of hard tetramers. The latter structures 
were obtained by simple modifications of the initial 
structure like moving the planes or rows of the tetramers. 
 The simulations indicate that moving only planes as 
well as shifting the rows of tetramers leads to significant 
decrease of free energy value. The latter method was used 
to design the structure FCC6 (see Fig. 1f) which appeared 
to have the lowest value of free energy of all. However 
there are infinitely many various periodic decorations of 
the different close packed structures of hard spheres. Thus, 
although the FCC6 is the most stable of the studied 
structures, we cannot state definitely that this structure is 
thermodynamically stable.  
 The free energy value of the FCC6 structure should be 
at least compared with a few simple structures of hard tetra-
mers which atoms constitute the hcp lattice. This issue will 
be a subject of future research.  
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