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Abstract: The reductive perturbation method has been employed to derive the Korteweg—de Vries (KdV) equation for small but finite
amplitude electrostatic ion-acoustic waves. An algebraic method with computerized symbolic computation, which greatly exceeds the
applicability of the existing tanh, extended tanh methods in obtaining a series of exact solutions of the KdV equation. Numerical studies
have been made using plasma parameters to reveal different solutions, i.e. bell-shaped solitary pulses, rational pulses and solutions with
singularity at a finite points called “blowup” solutions in addition to the propagation of explosive pulses. The result of the present
investigation may be applicable to some plasma environments, such as ionosphere.
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I. INTRODUCTION

Nonlinear phenomena play a crucial role in applied
mathematics and physics. An ion-acoustic solitary wave is
one of the fundamental nonlinear wave phenomena
appearing in fluid dynamics [1] and plasma physics [2, 3].
There are different methods to study linear [4] and
nonlinear systems [5]. Washimi and Taniti [5] were the
first to use the reductive perturbation method to study the
propagation of a slow modulation of quasimonochromatic
waves through plasma. Numerous other authors focused on
the subject [6-8]. The evolution of small but finite-ampli-
tude solitary waves, studied by means of the Korteweg—
deVries (KdV) equation, is of considerable interest in
plasma dynamics.

Many powerful methods have been established and
developed to study nonlinear evolution (NLEE) equations.
These methods include the inverse scatting method [9], the
tanh function method [10], the extended tanh method
[11-13], the Exp-function method [14], the extended F-ex-
pansion method [15] and the Jacobi elliptic function expan-
sion method [16].

There is no unified method that can be used to deal with
all types of nonlinear evolution equations. Fan [17]
developed a new algebraic method with computerized
symbolic computation, which greatly exceeds the appli-
cability of the existing tanh, extended tanh methods and
Jacobi function expansion method in obtaining a series of
exact solutions of nonlinear differential equations.

The major topic of this work is to study the solitary and
other waves for ion-acoustic waves in warm plasma. This
paper is organized as follows: in Section II we present the
basic set of fluid equations governing our plasma model. In
Section III an algorithm describing the computerized
symbolic computation method is presented. In Section IV
explicit solutions for KdV equation are obtained. Finally,
some discussions and conclusions are given in section V.

II. BASIC EQUATIONS AND KdV EQUATION

Consider a collisionless ionization-free unmagnetized
plasma consisting of a mixture of warm ion-fluid and iso-
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thermal electrons. The basic equations describing the
system in dimensionless variables is governed by [3]:

a_n + _8(nu) =0, (1a)
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In the earlier equations » and 7, are the densities of ions
and electrons respectively, u is the ion flow velocity, p is
the ion pressure, ¢ is the electric potential, x is the space
co-ordinate and ¢ is the time variable. o= T;/Te <<1 is the
ratio of the ion temperature 7; to the electron temperature
T,. All these quantities are dimensionless, being normalized
in terms of the following characteristic quantities: # and n,
by the unperturbed electron density ny, u and ¢ by the
sound velocity (KTg/m,-)m; p and ¢ by noKT; and KT/e
respectively; ¢ and x by the inverse of the plasma frequency
a);il = (4me*ny /m;)™"* and the electron Debye length
Ap = (KT, | 4me’ny)"* respectively. K is Boltzmann’s cons-
tant. According to the general method of reductive

perturbation theory, we introduce the stretched variables
r=&"%, =62 (x—11), )

where A is the unknown phase velocity, to be determined
later, and all the physical quantities appeared in (1) are
expanded as power series in € about the equilibrium values
as
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_ 2

P=cp+e¢+..
_ 2

n,=l+en, +&e"n,,+..

€ represents the amplitude of the perturbation. We impose
the boundary conditions that as |§| —oo, n=n,=p=lu=
uy = ¢ = 0. Substituting (2) and (3) into the system of

equations (1) and equating coefficients of like powers of &
Then, from the lowest, second-order equations in & and by
eliminating the second order perturbed quantities ny, uy, py,
ney and @, we obtain the following KdV equation for the
first-order perturbed potential:

d 60 +1 d
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III. COMPUTERIZED SYMBOLIC
COMPUTATION METHOD

For a given partial differential equation in ¢ (¢,7)
9 ¢ ¢
H| ¢y, — = =7 | = 0. (5)
Jr 9o o
In a travelling frame of reference
$1(¢,7)=@(n) =P(&~or)
we may transform the partial differential equation into an
ordinary differential equation

2
H ai), a—? = 0. (6)
oy oy

Step 1. Reduce partial differential equation (5) to the
ordinary differential equation (6) by considering the wave
transformation @ (&,7) =®(y), n=<¢—ort.

Step 2. Expand the solution of Eq. (6) in the form

n .
AEHELIOEDIWNN (M
i=0
where the new variable ¢(7) is a solution of the following
ordinary differential equation

Step 3. Determine the parameters n and r. Substituting (8)
into (6) and balancing the highest derivative term with the
nonlinear terms, we then obtain a relation for #n and r, from
which the different possible values of n and » can be
obtained. These values lead to the different series
expansions of the exact solutions. For KdV equation (4),
we have r=n+ 2.



Computational Solutions for the Korteweg-de Vries Equation in a Warm Plasma 15

If we take n =2, r =4, we have
D(n) = ay +ap+a0°,
)

d

d—q) = 8\/00 Fop+c0” + 0’ et
n

Step 4. Determine parameters a; (i =0, 1,..., n) and ¢; (j = 0,

1, ..., r). Substituting the expansions (9) into Eq. (6) and

setting the coefficients of all powers of ¢ and

q)"JZ;:Oc jq)-i to zero, we will get a system of algebraic

equations, from which the above parameters can be found
explicitly.

Step 5. Solve Eq. (8). Substituting the parameters ¢; (j =0,
1, ..., r) obtained in Step 4 into Eq. (9), we can then obtain
all the possible solutions. We remark here that the solutions
of Eq. (5) depend on the explicit solvability of Eq. (9). The
solution of the system of algebraic equations will be getting
aseries of fundamental solutions such as polynomial,
exponential, soliton, rational, triangular periodic.

IV. EXPLICIT EXACT SOLUTIONS FOR THE KdV EQUATION

Using the symbolic software package Maple, we obtain the following solutions:

3((6a+1)a0 —v»\/3(7+1)sech2 (\/1577\/—60410 —a, +v\/30+1j
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where m is a modulus.
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where qaq is an arbitrary constant, 4 and B are given by
60 +1 1
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and the Weierstrass elliptic doubly periodic type solution

v
D(n) = 7 y

where ¢, ¢ and c; are arbitrary constants.

V. DISCUSSION AND CONCLUSION

Numerical studies have been made for small amplitude
ion-acoustic waves in unmagnetized collisionless plasma
consisting of a mixture of warm ion-fluid and isothermal
electrons. We have derived the Korteweg—deVries
equation by using the reductive perturbation method,
a symbolic computational traveling wave method used in
obtaining a series of exact solutions of the KdV equation.
The solution (10) is a solitary wave solution, in Fig. (1),
a profile of the bell-shaped solitary pulse is obtained for
solution (10). Figure 1 shows that the amplitude and width
decreases with the increase of 6. Also solutions (11, 12) are
singular type periodic solutions that develop a solution with
singularity at a finite point called “blowup” of solutions as
in Fig. 2a, in Fig. 2b, for some values of a, the pulse does
not vanish at infinity although it has alocalized form.
Therefore, the arbitrary value a, plays a role in obtaining
a pulse-shaped localized solution [18]. Solutions (13, 14)

Fig. 1. The bell-shaped soliton solution for expression (10) for
ap=0.008 and v=0.04
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Fig. 2a. The blowup solution for expression (12) for a, = 0.008,
0=0.03 and v=0.04

D(n)

Fig. 2b. The profile of localized pulses for expression (12) for
different values of a, for, o =0.001 and v = 0.04

lead to the propagation of explosive pulses as depicted in
Fig. 3. The rational solution (14) may be helpful to explain
certain physical phenomena. Because a rational solution
is a disjoint union of manifolds, particle systems describing
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Fig. 3. The explosive solution for expression (14) for ay = 0.008
and ¢ =0.03

Fig. 4. The Jacobi elliptic doubly periodic solution for
expression (17) for m =2, ay = 0.008 and v = 0.04.

Fig. 5. Weierstrass elliptic doubly periodic type solution (20) for
co=-1,¢1=1,¢3=0.1and v=0.04

the motion of a pole of rational solutions for a KdV
equation were analyzed [19]. Equations (15)-(17) are three
Jacobi elliptic doubly periodic wave solutions as in
Fig. (4), when m — 1, solutions (15), (16) reduces to (10)
while (17) reduces to (11). On the other hand, equation (18)
gives the Weierstrass elliptic doubly periodic type solution
as depicted in Fig. 5.

To sum up, it has been found that the amplitude and
width of the ion-acoustic waves as well as parametric
regime where the solutions can exist is sensitive to o.
Moreover, new exact solutions for (KdV) equation have
been obtained and some of these solutions have been
reported. It may be important to explain some physical
phenomena in some plasma environments, such as iono-
sphere.
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