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Abstract: In our previous paper [1] we have presented implicit interval methods of Adams-Moulton type. It appears that two families of 
these types of methods exist. We compare both families of methods and present a numerical example. 
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1.  INTRODUCTION 

In 1980s the explicit interval methods of Adams-Bash-
forth type has been first introduced by Šokin, Kalmykov 
and Juldašev (see e.g. [5, 10]). The research on the multi-
step interval methods has been continued by Marciniak and 
Jankowska [1-3, 7, 8]. The implicit interval methods of 
Adams-Moulton type have been presented in [1]. In this 
paper we continue our previous considerations and specify 
a precise form of two different families of implicit interval 
methods of this kind. This distinction follows from some 
interval arithmetic properties. It also depends on which of 
two conventionally equivalent formulas is chosen as the 
basis of its interval counterpart (see Sec. 2). In Sec. 3 we 
consider the equation of motion of simple pendulum and 
present some numerical results. A short summary given in 
Sec. 4 brings this paper to the end. 

 

2.  TWO  FAMILIES  OF  IMPLICIT  INTERVAL 
METHODS  OF  ADAMS-MOULTON  TYPE 

Let us consider the initial value problem (IVP) of the 
form 
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Let us choose a positive integer m and select the mesh 
points ti = ih, i = 0, 1, ..., m, where h = ξ/m. It is well- 
-known (see e.g. [6]) that there are two equivalent formulas 
that describe the exact solution of (1) at tn , n = k, k + 1, ..., 
m. On the one hand we have 
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and 
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On the other hand, since 
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we can write (2) in the form 
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Let us denote 
Δt , Δy – sets in which the function f(t, y) is defined, i.e.  
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F(T,Y) – interval extension of f (t, y) (for the definition of 
interval extension see e.g. [4, 9-10]),  

( ),T YΨ – interval extension of ( ),t yψ (see (5)). 
Other assumptions about F(T, Y) and ( ),T YΨ are the same 
as in [1]. Furthermore, we denote by I(.) the space of 
intervals over (.). 

Now, let us assume that y(0) ∈ Y0 and the intervals Yi 
such that y(ti) ∈ Yi, i = 1, 2, ..., k − 1, are known. Then, 
the implicit interval methods of Adams-Moulton type can 
be defined as follows (see also [1]): 
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where / , i ih m t ih Tξ= = ∈ , i = 0, 1,..., m, , 0, 1,..., 1,j j kγ = +  
are given by (4), Fn = F(Tn, Yn) and 
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Moreover, the Eq. (8) can be written in the equivalent form 
as follows: 
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In particular for a given k from (8) (or (9)) we get the fol-
lowing methods: 
• k = 1 

( )

[ ] [ ] ( )( )

1 1

3

2
2

,0 , ,0 , ,
12

n n n n n

n n t y

hY Y F F F

h T h Y h F

− −= + − + +

− Ψ + − + − Δ Δ

 

• k = 2 
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• k = 3 
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Let us notice that for interval arithmetic the distributive 
law is not generally satisfied. However, since an interval is 
also a set, then for X, Y, Z ∈ I(R), the following relation, as 
the subdistributive law, holds 

 ( ) .X Y Z X Y X Z⋅ + ⊂ ⋅ + ⋅  (10) 

Hence, the values of the interval extensions of f in the 
above formulas with the same indices cannot be subtracted. 

In real arithmetic we have 

 
0 0

,
k k

j
n j nkj j

j j
f fβ γ−

= =
= ∇∑ ∑  

where ( )( ), , 0, 1, ..., .n j n j n jf f t y t j k− − −= =  Hence, the 
formula (2) is equivalent to (7). But in interval arithmetic 
we have 
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where the subset relation (⊂) is defined as not necessarily 
proper, and we get another kind of implicit interval 
methods corresponding to the conventional formula (7), 
namely 
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where / , , 0,1,..., ,i ih m t ih T i mξ= = ∈ =  and , 0,1,...,kj j kβ =  
are given by (6). In particular for a given k from (12) we 
get the following methods: 
• k = 1 
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 If we denote by 1
nY  the interval-solutions obtained from 

the formula (8) (or (9)), i.e. from the formula with back-
ward interval differences, and by 2

nY  the interval-solutions 
obtained from (12), then, we can prove 
Theorem 1. 2 1,n nY Y⊂  
which means that the second kind of implicit interval 
formulas gives the interval-solution with a smaller width, 
i.e. it is better. The proof of the Theorem (1) follows im-
mediately from (11).  
 Let us note that (8) (or (9)) and (12) are nonlinear 
interval equations with respect to Yn, n = k, k + 1, ..., m. It 
implies that in each step of implicit interval methods we 
have to solve an interval equation of the form 

 Y = G(T, Y), 
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If we assume that the function G is a contracting mapping, 
then the well-known fixed-point theorem implies that the 
iteration process 
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is convergent to Y*, i.e. ( )lim ,l

l
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→∞
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choice of Y(0) ∈ I(Δy). 
For the interval methods of Adams-Moulton type given 

by (8) (or (9)), the iteration process (13) is of the form 
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and for the methods (12) of the form 
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In (14) and (15) we usually choose ( )0
1 .n nY Y −=  

 

3.  NUMERICAL  EXAMPLE 

 Let us consider the motion of simple pendulum. The ade-
quate equation is of the form 

 2 sin = 0,uϕ ϕ+  (16) 

where ( ) , / ,t u g Lϕ ϕ= =  g is the gravitational accel-
eration at Earth’s surface and L denotes the pendulum 
length.  
 Denoting 1 2,y yϕ ϕ= = , where y1 = y1(t), y2 = y2(t), 
we transform (16) with the initial conditions ( )0 0,ϕ =  

( ) 00 ,ϕ ϕ=  into the following system of differential 
equations of the first order: 

 2
1 2 2 1sin , ,y u y y y= − =  (17) 

with the initial conditions 

 ( ) ( )1 2 00 0, 0 .y y ϕ= =  (18) 

We have integrated (17) with (18) for t = 1 [s], where ϕ0 = 
π/60 [rad], g = 9.81 [m/s2], L = 1 [m]. We have used 
the interval methods of Adams-Moulton type (8) and (12) 
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for the number of method steps k = 1, 2, 3, and for the step-
sizes h = 1E − 3, 1E − 4, 1E − 5, 1E − 6. 
 In Figures 1 and 2 the comparison of the widths of two 
considered families is given. The widths of interval- 
-solutions Yi (1), i = 1, 2, obtained with the IIAM methods 
(12) are always smaller than the ones that have been 
obtained  by the IIAM methods  (8) (or (9)) for the same 
  

 

Fig. 1. Width of the interval-solution Y1(1) obtained by the IIAM 
methods (8) and (12) for (17) with (18), where k = 1, 2, 3, vs. 
the stepsize h. IIAM – the implicit interval methods of Adams-
                                      -Moulton type 

 

 

Fig. 2. Width of the interval-solution Y2(1) obtained by the IIAM 
methods (8) and (12) for (17) and (18), where k = 1, 2, 3, vs. the 
stepsize h. IIAM – the implicit interval methods of Adams-
                                       -Moulton type 

parameter k and stepsize h. The increase of parameter k for 
the same stepsize h contributes to the improvement of 
interval-solutions, i.e. decrease in their widths. The similar 
effect can be achieved if we reduce the stepsize h for 
the same value of parameter k. On the other side, let us 
notice that the widths of interval-solutions obtained by the 
IIAM methods (8) (or (9)) and (12) for k = 3 are somewhat 
worse that the once that have been obtained by the 
considered methods for k = 2. The similar effect can be 
observed for excessive decrease in the stepsize h. Hence, 
one can conclude that the optimal stepsize h and number of 
method steps k should be chosen for each particular 
interval method and each IVP. 
 
 

4.  SUMMARY 

 The main aim of our paper is to specify the precise form 
of two families of implicit interval methods of Adams-
Moulton type. The reason for the existence of the second 
family has been explained in Sec. 2. The results of 
numerical experiment given is Sec. 3 have confirmed the 
thesis of Theorem 1. Furthermore, we have explained why 
the formulas (12) rather then (8) (or (9)) should be used in 
interval computations. 
 
 
References 
   [1]  M. Jankowska and A. Marciniak, Implicit Interval Multistep 

Methods for Solving the Initial Value Problem, CMST 8(1), 
17-30 (2002). 

   [2]  M. Jankowska and A. Marciniak, On Explicit Interval 
Methods of Adams-Bashforth Type, CMST 8(2), 46-57 
(2002). 

   [3]  M. Jankowska and A. Marciniak, Preliminaries of the IMM 
System for Solving the Initial Value Problem by Interval 
Multistep Methods [in Polish], Pro Dialog 10, 117-134 
(2005). 

   [4]  L. Jaulin, M. Kieffer, O. Didrit and É. Walter, Applied 
Interval Analysis, Springer-Verlag, London 2001. 

   [5]  S. A. Kalmykov, Ju. I. Šokin and E. Ch. Juldašev, Methods 
of Interval Analysis [in Russian], Nauka, Novosibirsk 1986. 

   [6]  A. Krupowicz, Numerical Methods of Initial Value 
Problems of Ordinary Differential Equations [in Polish], 
PWN, Warsaw 1986. 

   [7]  A. Marciniak, Implicit Interval Methods for Solving the 
Initial Value Problem, Numerical Algorithms 37, 241-251 
(2004). 

   [8]  A. Marciniak, On Multistep Interval Methods for Solving 
the Initial Value Problem, Journal of Computational and 
Applied Mathematics (in press). 

   [9]  R. E. Moore, Interval Analysis, Prentice-Hall, Englewood 
Cliffs 1966. 

 [10]  Ju. I. Šokin, Interval Analysis [in Russian], Nauka, Novo-
sibirsk 1981. 

 
 
 
 



On Two Families of Implicit Interval Methods of Adams-Moulton Type 113

 

MAŁGORZATA JANKOWSKA received the Ph.D. degree in Computer Science (specialization of Numerical 
Methods) from the Poznań University of Technology (Poland) in 2006. Since 2003 she works in Institute of 
Applied Mechanics, Poznań University of Technology. She is a member of Polish Association of Theoretical 
and Applied Mechanics. Her current research concern the numerical aspects of scientific computing with 
emphasis on interval multistep methods for solving the IVP for ODEs and their implementation in the C++ 
language. 
 

 

 
ANDRZEJ MARCINIAK, Associate Professor (Ph. D. 1981, Dr. habil. 1993), in years 1977-1986 in the Institute 
of Mathematics, Adam Mickiewicz University of Poznan, in years 1986-1992 in the Institute of Mathematics, 
Poznan University of Technology, since 1992 in the Institute of Computing Science, and since 2000 also in 
the Faculty of Mathematics and Computer Science, Adam Mickiewicz University of Poznan. In years 1982-
1983 visiting professor in the University of Florida in Gainesville, and visiting professor in the University of 
Texas at Arlington in 1990. Specialist in computer programming and numerical analysis, especially in 
numerical methods for solving differential equations (including interval methods) and their application in 
celestial mechanics. Author or co-author of 3 monographs, 30 textbooks, and over 40 papers in  professional 
journals and conference proceedings. Editor-in-Chief of the Microcomputer User's Library of NAKOM 
Publisher, and Pro Dialog journal – an official scientific journal of the Polish Information Processing Society. 
Vice-president (in 1999-2005) and President (since 2005) of the Polish Information Processing Society. 
Member of the State Acreditation Committee (since 2005). 
 

 
 
  

                                                           
 COMPUTATIONAL METHODS IN SCIENCE AND TECHNOLOGY 12(2), 109-113 (2006) 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




