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Abstract: The aim of this work is to solve singular integral equations (S.I.E), of Cauchy type on 
a smooth curve by pieces. This method is based on the approximation of the singular integral of 
the dominant part [6], where the (S.I.E) is reduced to a linear system of equations and to realize this 
approach numerically by the means of a program [3, 5]. 

1. INTRODUCTION 

In this work we present a direct method for an approximation solution of a singular 

integral equation (S.I.E) on a piecewise smooth integration path. Many studies devoted to 

the numerical procedure are developed for solving (S.I.E) over a finite interval, especially 

[-1,1]. Cauchy type singular integral equations are often encountered in problems of 

mathematical physics when solving problems in elasticity theory, aerodynamics, electro-

dynamics and other branches of sciences and technology. Also we note that, the solution of 

a large class of boundary-value problems in mathematical physics can be reduced to singular 

integral equations (S.I.E) of the form 

(1) 

where Γ is any piecewise smooth path [2], t0 and t are points on the curve Γ, the functions 

a(t), b(t) and k(t0, t) are known functions defined on Γ, satisfying the Hölder condition H(α), 

[2]. Further, anywhere on Γ we have 

As it is known, the integral of the dominant part of the above equation (1) exists in the 

sense of a Cauchy principal value integral for all density φ satisfies the Hölder condition H(α) 

and also exits for all function 

The present note is divided into two parts. In the first part, we present a formulation of 

the quadrature formula for the evaluation of Cauchy type singular integrals proposed by 

Sanikidze [7], this quadrature formula is based on the classical Lagrange interpolation of 

the density φ(x). In the second part, we present the results of this work concerning the pro-
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gramming and the numerical realization of this approximation; also the estimate of the error of 

the approximation integral was established. Besides, pointwise convergence of the approxi-

mate solutions to an exact solution is obtained [5, 7]. 

2. THE QUADRATURE 

A method to proceed is to solve the (S.I.E) by numerical means, like the reduction to a sys-

tem of linear algebraic equations after the use of an appropriate quadrature rule. 

Following [7], we define the approximation ψσv(t) for the density φ(t) by the following 

expression 

where 

and 

Using the classical Lagrange interpolation of the kernel k(t, t0) and of the density φ(t), the 

regular part of the singular integral equation will be given by 

(3) 

The right hand side of (3) can be represented by the expressions of ασk, 

(4) 

(2) 

and the values of the function product k(t, t0) φ(t) at the points tσk hence, we write 
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Taking into consideration the approximation formulae (2), the singular integral of the 

dominant part of (S.I.E) (1) takes the form 

and for σ = v we can easily see that the expression 

becomes 

(5) 

Finally, for σ, v = 0, 1 , . . . , n - 1 and i = 0, 1 , . . . , m - 1 the expression (5) takes the 

form 

For one obtains from the above 
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is valid, where the constant Cm depends only on the curve Γ and the Hölder constant of the 

function φ. 

According to the system of points of subdivisions used in the construction of this 

approximation [5, 6], the singular integral equation (1) can be written as 

with 

THEOREM 

For an arbitrary function following estimation 

which also, we can write 

Replacing the point t0 by the system of points tvi of the subdivision between τv and τ v + i , we get 
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According to this method, we obtain a system o f m × n linear algebraic equations in m × n 

unknowns 

3. NUMERICAL EXPERIMENTS 

In this section we describe some of the numerical experiments performed in solving the 

singular integral equations (1). In all cases, the curve Γ designate the unit circle and we chose 

the right hand side f(t) in such way that we know the exact solution. This exact solution is 

used only to show that the numerical solution obtained with our method is correct. 

We apply the algorithms described in [5] to solve S.I.E and we present results concerning 

the accuracy of the calculations; in this numerical experiments it is easily to see that the matrix 

of the system of algebraic equation given by our approximation is invertible, confirmed in 

[5, 6]. 

In each table, φ represents the exact solution given in the sense of the principal value of 

where 

Cauchy and 

points values interpolation [3]. 

corresponds to the approximate solution produced by the approximation at 

or, in more detailed form, 
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Example 1 

We start with the easiest type, without the regular part 

where the function f (t0) is chosen so that the solution φ(t) is given by 

Example 2 

Consider the singular integral equation 

where the function f(t0) is chosen so that the solution φ(t) is given by 
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4. CONCLUSIONS 

We have considered a numerical solution of singular integral equations and have presented 

an efficient scheme to compute these singular integrals. The essential idea is to find a combi-

nation of functions which approximate the function density and to use it to remove integrable 

singularities. The regular part, being the remaining integrand, is well behaved and poses no 

serious numerical problem. Typical examples taken from the literature, with known closed 

form solutions, were used to illustrate the stability and convergence of the approach. The sta-

bility of the numerical solution was verified by comparing the analytical and numerical 

solutions; they show a good agreement. 
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