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Abstract: Recent developments in molecular dynamics furnish new interconnections among three 
classical fields: particle mechanics, continuum mechanics, and thermodynamics. The resulting 
links clarify the importance of Lyapunov instability to irreversibility. 
PACS Numbers: 03.20.+i 05.60.+w 46.10.+z 

1. INTRODUCTION 

The paradoxical coexistence of time-reversible mechanics with the second-law in-
equalities of thermodynamics has troubled physicists for more than 100 years. These two 
approaches to understanding, the one theoretical and the other experimental in outlook, 
were joined by a third route to knowledge, computer simulation, at the time of the Se-
cond World War. Recent extensions of the computational approach, born of a desire to 
simulate nonequilibrium processes, can be analyzed from Gibbs' phase-space point of 
view. This approach leads quite naturally to a microscopic mechanical analog of the 
macroscopic Clausius' Inequality [1,2]: 
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This macroscopic inequality summarizes the thermodynamic observation that cyclic 
processes generate heat. The microscopic mechanical analog of this inequality, 

reflects the same observation, but with the rate of heat generation replaced by the relative 
expansion rate of the phase-space hypervolume In the microscopic case the need for 
time averaging is indicated explicitly by the angle brackets < > . 

A recent particle approach to macroscopic simulation, smooth particle applied 
mechanics [3, 4], has revealed new links between the reversibility paradox which sepa-
rates classical mechanics from thermodynamics, and promises assistance in under-
standing the irreversibility inherent in turbulent flows. Here we discuss the concepts of 
temperature, heat transfer, Lyapunov instability, and turbulence, in order to enhance the 
understanding of the connections among them. 

2. TEMPERATURE, THERMOSTATS, AND HEAT TRANSFER 

Temperature requires a thermometer, as is emphasized by Muschik's term, "contact 
temperature", though the zeroth law of thermodynamics makes it plain that the exact 
nature of the thermometer is unimportant at equilibrium. Away from equilibrium, using 
simplicity as a guide, it is natural to use an ideal gas of light particles, capable of un-
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correlated impulsive collisions, to define local temperature. Such an ideal-gas thermo-
meter, through impulsive collisions, measures the kinetic energy of the degrees of free-
dom with which it interacts. The resulting definition of ideal-gas temperature follows 
from kinetic theory. For a single Cartesian degree of freedom 
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The arbitrariness of such a choice can be seen by considering the fact that two general 

nonequilibrium systems, with different nonequilibrium velocity distributions, but sharing 

a common value of the kinetic temperature T, would typically exchange energy between 

themselves, if they were able to interact impulsively, while neither nonequilibrium sys-

tem would have a net energy exchange with an idealized ideal-gas thermometer set at 

their common kinetic temperature T. 

The kinetic-theory definition of an ideal-gas thermometer is one of the classical ap-

proaches to thermodynamics, and is not only the simplest, but also the one most closely 

tied to computer simulation. The kinetic-theory definition of temperature can be embed-

ded into the framework of classical mechanics through the use of Hamilton's Principle 

of Least Action [5], That Principle requires that particle trajectories minimize the action 

integral while simultaneously satisfying all externally-imposed constraints. A thermal 

constraint requires that the kinetic energy of any thermostatted set of degrees of freedom 

remains constant. Such a phase-space constraint reduces, by one, the number of degrees 

of freedom describing the system, and results in a new thermostatted equation of motion 

for the constrained coordinates: 

The time-reversible "friction coefficient" which follows from Hamilton's Principle is 

(1) 

equal to the rate at which heat is extracted to satisfy the constraint, divided by twice the 

kinetic energy K of the constrained degrees of freedom: 

Thus corresponds to the rate at which entropy is absorbed by a reservoir modeled by 

the constraint. It was only recently discovered that this correspondence follows directly 

from Hamilton's Principle. Exactly the same equation of motion (1) follows also from the 

simple expedient of velocity rescaling or from the more-elegant, but equivalent, appli-

cation of Gauss' Principle of Least Constraint to the problem of thermostatting mecha-

nical motions [6, 7], 

An alternative route to incorporating temperature into mechanics was discovered by 

Nose [8], He too found exactly the same equation of motion as follows from Hamilton's 

Principle, but with a somewhat different reversible friction coefficient: 

Here kT is twice the equilibrium equipartition kinetic energy of a thermostatted degree 

of freedom and ΔK is the instantaneous deviation of the total kinetic energy from the 

average value, x is an arbitrary relaxation time, which in practice is best chosen such that 

the timescale of the energy fluctuations corresponds to the time between collisions for 

a typical thermostatted particle. In the equilibrium case has a Gaussian distribution, 

increasing the number of phase-space coordinates by one. The additional variable is the 



l ibrium canonical distribution for the phase-space variables {q,p}. I have championed the 

par t i cu la r ve r s ion o f his mechan ic s , " N o s e - H o o v e r m e c h a n i c s " , wh ich avo ids " t i m e -

sca l ing" o f the cons t ra ined mot ions . 
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t ional to 1/ 

T h e hal f -width of the probabil i ty d is t r ibut ion for the f r ic t ion coe f f i c i en t is p ropor -

approaches zero, Nose ' s m e c h a n i c s r ep roduces the s a m e 

cons t ra ined d y n a m i c s wh ich fo l lows f r o m Hami l ton ' s Pr inc ip le o f Least Ac t ion . T h e r e 

is so fa r no der iva t ion of N o s e - H o o v e r f r ic t ion based on a var ia t ional pr inciple . 

These thermosta t t ing forces, with either Hamil tonian or N o s e - H o o v e r f r ic t ion coe f f i -

cients , have been employed in a var ie ty of s imula t ions , bo th at, and a w a y f r o m , equil i -

brium. They m a d e i t possible to use tempera ture as an independent var iable in c o m p u t e r 

s imula t ions of smal l and large sys tems. Genera l i za t ions have also been used to cont ro l 

the in ternal ene rgy as wel l as nonequ i l i b r ium f luxes . I t shou ld be emphas i zed that t he 

t ime-revers ib i l i ty of mechan i c s i s re ta ined under the in f luence of thermos ta t t ing . B o t h 

formula t ions jus t ment ioned are fully t ime-reversible, with the frict ion coeff ic ient c h a n g -

ing s ign in the reversed mot ion . 

3. LYAPUNOV INSTABILITY IN MANY-BODY SYSTEMS [6, 7, 9] 

T h e exponen t i a l increase of small per tu rba t ions in the initial cond i t ions , 

is a c o m m o n fea ture of solutions of the many-body p rob lem. Th i s increase, w h i c h leads 

fo rma l ly to d ive rgence a t long t imes , i s quan t i f i ed , and genera l ized , t h r o u g h the L y a -

punov exponents , both the " loca l" ins tantaneous exponents and the "g loba l " t ime-

averaged exponents , which descr ibe the c o m o v i n g and corotaiing d e f o r -

m a t i o n s of a phase - space hype r sphe re g o v e r n e d by de te rminis t ic equa t ions of mo t ion . 

Both of the thermal general izat ions of mechan ics outl ined in Sect ion 2 p rov ide the s a m e 

link be tween the Lyapunov spect rum, the fr ict ion coeff icient , or coef f ic ien t s , and the re-

sul t ing hea t t r ans fe r red by the revers ib le f r ic t ion forces : 

H e r e the c o m p l e t e L y a p u n o v spec t rum i s s u m m e d up, over all degrees of f r e e d o m , 

i n c l u d i n g the addi t iona l degree o f f r e e d o m in the N o s é - H o o v e r case . T h e f r i c t ion 

coeff ic ient and heat- t ransfer sums include only those degrees of f r e e d o m a f f ec t ed by the 

reversible fr ict ion forces , together wi th the t empera tu res of the reservoirs to w h i c h t h e y 

are c o u p l e d . In the usual case the t ime- ra t e -o f - change of is negat ive , c o r r e s p o n d i n g 

to hea t f l o w f r o m the sys tem to the su r round ings : 

T h e key s tep in es tab l i sh ing this resul t i s the phase - space f l o w equa t ion , the a n a l o g 

of Liouvi l le ' s T h e o r e m : 

a local identi ty w h i c h fo l lows direct ly f r o m the the rmos ta t t ed equa t ions of mo t ion . 

N o s é - H o o v e r f r ic t ion coe f f i c i en t N o s é chose so as to r ep roduce Gibbs ' equ i -

In the limit that 



4. CLAUSIUS' INEQUALITY AND LYAPUNOV INSTABILITY 

This re la t ionship be tween the L y a p u n o v e x p o n e n t s and the heat t r ans fe r s h o w s that 

no process which absorbs an infinite amoun t of heat can take place in a b o u n d e d r eg ion 

o f phase space . L ikewise , any p rocess w h i c h g ives o f f an inf ini te a m o u n t o f hea t m u s t 

o c c u p y a van i sh ing ly small r eg ion of phase space . Evident ly any cycl ic p roces s w h i c h 

absorbs or genera tes heat must , w h e n repeated, lead either to unbounded or to v a n i s h i n g 

p h a s e - s p a c e h y p e r v o l u m e . 

T h u s t he r equ i r emen t that ave rages over the phase - space dis t r ibut ion be b o u n d e d 

exc ludes cycl ic p roces ses w h i c h abso rb heat , in accord wi th Claus ius ' inequal i ty , and 

a l lows on ly t hose p rocesses w h i c h co r r e spond to a van i sh ing region of the equ i l ib r ium 

p h a s e space . Ex tens ive numer ica l w o r k has es tabl ished that the a l lowed phase s p a c e 

r eg ions are mul t i f rac ta l s t range at t ractors , wi th an in fo rma t ion d imens ion strictly less 

than that o f the equ i l ib r ium p h a s e - s p a c e dis t r ibut ion, co r r e spond ing to local L y a p u n o v 
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spec t ra w h o s e t ime-ave raged g lobal sums are strictly negat ive : 

T h u s the idea l -gas def in i t ion o f t empera tu re , coup led wi th the rmos ta t s based on 

Hamil ton 's principle or Gibbs ' d is t r ibut ion, m a k e s poss ib le the analysis of p roce s se s in-

volving heat t ransfer , and an explanat ion of t he rmodynamic irreversibility in te rms of the 

dynamic L y a p u n o v instabil i ty o f the mic roscop ic mot ion equat ions . T h i s po in t o f v i e w 

provides no suppor t for the not ion of a nonequi l ibr ium entropy and sugges t s ins tead that 

e n t r o p y is a u se fu l c o n c e p t only at equ i l ib r ium. T h e loss of the en t ropy c o n c e p t a w a y 

f r o m equi l ibr ium is not a ser ious one, as Onsager ' s symmetry results can be equa l ly wel l 

o b t a i n e d f r o m G r e e n and K u b o ' s nonen t rop i c approach . T h e mul t i f rac ta l na ture o f the 

nonequi l ib r ium phase - space d is t r ibu t ions w h i c h result f r o m the use o f the rmos ta t s g ive 

5. CONTINUUM MECHANICS SIMULATIONS USING SMOOTH PARTICLES 

A n e w approach to computa t ional con t inuum mechan ics was originated by L u c y and 

M o n a g h a n in 1977 [3], Thei r idea uses " s m o o t h par t ic les" to descr ibe the t ime d e v e l o p -

ment o f the con t inuum field var iables . Th i s n e w vers ion o f c o n t i n u u m m e c h a n i c s asso-

ciates individual velocit ies and energies wi th each part icle bu t ca lcula tes the f ield va r i a -

bles at any point in space, r , by superpos ing the contr ibut ions of all part icles within range 

of the s m o o t h i n g f u n c t i o n w(r) 

Gibbs ' ent ropies of cor responding to the ex t remely low probabi l i ty of r a n d o m l y en-

counter ing a typical nonequi l ibr ium state. Such typical nonequi l ibr ium states have a pas t 

h is tory w h i c h is no t a t all typical of equ i l ib r ium sys tems. 

T h i s t h e r m o m e c h a n i c a l exp lana t ion of i r revers ible behav io r i s m o r e genera l than 

Bol tzmann 's , fo r i t is not res t r ic ted to gases , and i t is a lso m o r e genera l than G r e e n and 

Kubo's , because it is not restricted to linear deviat ions f rom equil ibrium. It s h o w s that the 

dynamica l instabil i ty assoc ia ted wi th the m a n y - b o d y p r o b l e m requi res Claus ius ' ine-

quality. Otherwise , thermal instability would cause thermomechanica l phase-space avera -

ges to d iverge . 



T h e smoo th ing func t ion w is general ly chosen to have c o n t i n u o u s f i rs t and s e c o n d deri-

vat ives and a f ini te range, over wh ich its integral is unity. T h e equa t ion of m o t i o n asso -

ciated wi th s m o o t h par t ic le app l ied m e c h a n i c s inc ludes the s t ress t ensors and dens i t i e s 

of all pa i rs of par t ic les c lose e n o u g h to interact : 
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T h e s t ress t enso r s and dens i t ies at par t ic les i and j are to be ca lcula ted by s u m m i n g up 

the con t r ibu t ions f r o m all nea rby par t ic les , j u s t as w a s d o n e in the e x a m p l e ca lcu la t ion 

o f the ve loc i ty <v> above . 

T h e specia l case appropr i a t e to a t w o - d i m e n s i o n a l idea l -gas i sent rope, 

reduces exact ly to N e w t o n ' s equa t i ons o f mo t ion wi th the s m o o t h par t ic le w e i g h t f u n c -

t ion p l ay ing the ro le of a pair po tent ia l . T h i s s imilar i ty sugges t s that the evo lu t ion of a 

con t inuum shares the L y a p u n o v instability that character izes a tomist ic f l ows . I t sugges t s 

also that e f fo r t s to desc r ibe the in teract ion of edd ies in tu rbu len t f l ow are equ iva l en t to 

the descr ipt ion of the coup l ing of ve loc i ty f luc tua t ions in a co r r e spond ing ly d r iven a to-

mis t ic f l ow . O n g o i n g work , carr ied ou t w i th O y e o n K u m , Hara ld P o s c h , and Ca ro l 

H o o v e r , shou ld shed light on this s econd link b e t w e e n mic roscop ic m e c h a n i c s and 

m a c r o s c o p i c n o n e q u i l i b r i u m processes . 
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