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Abstract: The paper presents a specific technique to generate the Trefftz functions for the two-dimensional wave equation. The
obtained functions are used to determine approximate solutions of some tested problems. The accuracy of the method is

discussed.
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I. INTRODUCTION

The wave equation is crucial to many domains of
technology. We want to get a solution of the wave equa-
tion expressed in terms of some functions which satisfy
this equation. We present three methods to obtain the
Trefftz functions (wave polynomials) for the wave
equation. The first method is connected with a generating
function, and leads to recurrent formulas for polynomials
and their derivatives, while the second method is based
on a Taylor series expansion. Both methods lead to the
same form of the Trefftz functions [1, 2]. The third
method presented here, apart from the Taylor series ex-
pansion, additionally uses the inverse Laplace operator,
leading to another form of the Trefftz wave functions
which are still polynomials.

II. SOLUTION OF THE WAVE EQUATION
BY THE WAVE POLYNOMIALS METHOD

Let us consider a non-homogeneous wave equation

u  *u 0u
—+—+0(x, y,t) = — 1
o T o O(x, y,1) e )]

with the general solution given by

u(x,y,t)=L"(0)+L"(0),
u *u u &

where L7(0) is the general solution of a homogeneous
equation and L’ (Q) is the particular solution of the no
homogeneous one. A general solution is approximated by
the linear combination of the Trefftz functions v, (x,y,?)
(wave polynomials)

N
O(x,y,0) = D a,v, (x,y.1) | 3)

n=l

satisfying the homogenous wave equation. To find un-
known coefficients a, we minimize the functional describ-
ing the adjustment of the approximation (in the mean
square sense) to the boundary and initial conditions. The
formula for the particular solution L’I(Q) is given in [3].
Here we present the method of forming an approximate
solution based on the Trefftz functions for the non-
homogenous wave equation which seems to be interesting
in generating different forms of these functions.

III. GENERATING THE TREFFTZ FUNCTIONS

Let us consider the two-dimensional homogenous wave
equation
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u  u _du

o o @)

We expand the solution u = u(x, y, ) of (3) into a Taylor
series in the neighbourhood of an arbitrary point (xo, yo, #o)

”(X,y,t):”(xo’yo’to)"‘
&)

0

+ 2

n=1

d"u(x,, ,ly
( L yo )(x_x()ay_y()at_to)
where

dnu(xo»yo»to)(x_xo’y_yost_to) =

0 0 0 ’
= [a(x_xo)"’a(y_yo)+5(t_to)J u(xoayoato)~

Using (4) in order to eliminate 6%u/ar> we transform the
right hand side of (5), and then group other partial deriva-
tives in a specific way (it is essential to separate Au). This
leads to the following form of the expansion

Ou ou_ ou— 0u x )72
ux, y,t)=uy+—x+—y+—t +—- - +
ox oy ot |2l 2!
u __ Ou _— Ou _— try
+ xXy+ Xt + vt +Au| —+—
Oxoy OxOt Oyot 21 21

3 =2—= =3
+6Tu Xy oy,
ox“oy\ 2! 3!

3 -2 =2 3 73 -2
0 [ A L Ou txy+gAu LA
! 1) Oxoyot ot 3! 2!

-2 —=2 -2 =3
+ iAu t_f+xy +iAu t_)7+y_ +
Ox 2! 2! oy 2! 3!

where u ;= u(x),,,2))s X =X—X,, Y=Y—Yp, I =1—1,.

Tn tha above-presented expansion partial derivatives B—Wanu,
o (du A *

W(a_) at (xo, o t) are multiplied by well known
harmonic functions (7, 8) whereas other derivatives are

multiplied by the polynomials satisfying Eq. (4).

(x+l-y)n n>k f xn—k yk
F (x,y)=Re| ————— |= - — n20(7
(%, ¥) e( - J k:;( ) Y (7)

AN n>k k-1 n—k k
G,(x,y)=Im [—(x ‘;l’Y) J = Z (_])T A A n>1(8)
. k . .

=1,3,....

All coefficients in (6) are Trefftz functions (wave
polynomials) for Eq. (4). Moreover, they are different from
wave polynomials described in [3]. In the next part we

(6)

introduce the inverse Laplace operator for harmonic
functions. It will be used to get wave polynomials appear-
ing in (6).

IV. AN INVERSE LAPLACE OPERATOR
FOR HARMONIC FUNCTIONS

On the analogy of [1, 7], we take into account a dif-
ferential operator A=0" Jac +0% oy,

Basis harmonic functions F,(x, y), G,(x, y) are linear
combinations of monomials (x"/m!)(y*/k!); to calculate
their inverse Laplace operators it is enough to know

A (x" [m)( k)
(xm ykj
A _— =
m! k!

Since

m-2 k m k-2 (9)
X y_+x y
(m=2)l k! m!(k-2)!
we may write
» xm yk72 B
m! (k—2)'
m k m-2 k
_X Y g X Y
m! k! [(m—Z)' k'} (10)

After substituting k+2 in place of & we obtain the

relation
A ﬂ v _
m! (k)!
xm k+2 xm-z k+2
_x Y _AT Yy (11

m! (k+2)! (m—2)!(k+2)!

m>2, k>0.
If we put

Al i _ yk+2
k') (k+2)0

Al i _. yk+2
k! (k+2)!
then from (11), (12) we compute the inverse Laplace ope-
rator for an arbitrary monomial (13)

(12)
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m k+2
X y _ >
v Y [ ml k2! m=0m=1k=0
Al[x_y_}
m! k! ﬂ yk+2 _A,l xm—Z yk+2 >2 k>0
m! (k+2)! (m=2)! (k+2)! S

The formula (13) may be written in a closed form

n
2 m=2j k+2+2j

O ﬂi _ X
A (m!k!] 2D (m—2))! (k+2+2))!

=0

(13)

(14)

Harmonic functions F,, G, are symmetrical with respect to variables x and y, whereas calculations of successive
inverse operations in accordance with the formula (11) distinguish variable y (observe that A™'(1) = y*/2!). By symmetry of
A with respect to variables x and y, it is possible to define A" which distinguishes variable x. Both possibilities are shown

in Table 1.

Table 1. Dependence of inverse operations of monomials with respect to distinguished variables

. xm yk
Distinguished variable Inverse operation A ml Kk
xm+2 yk
e oy (m+2)! k! K=0k=tm=0
X A()=— Ail( 7} = ma2 k-2 m+2 k
21 m! k! Al Yy - y k>2.m>0
m+2) (k=2)!) (m+2)! k! o
xm ylf+2 1 S
Y < )| ml G mehmeh s
y A== A | e N e
2! m! k! —AT! X A +x—~ 4 m22k>0
(m=2)! (k+2)!) m! (k+2)! e

Similarly, the following inverse operations are calculated

Af(nﬂ) — Afl(Afn).

The inverse operations for a few successive harmonic functions F,(x,y) and G,(x,y) are shown below.

i i 2 -2 e
AI(F0)=A1(1)=% AT(Fy)=A (FJ—?

A2 (G)=A"

VR
=
SARS
S}
N—
|
‘x
B
o~

2
N(G)=A" (="

3 5
A (F)=a"()= y3—? A2(F)= Al(y_j P

3 3 5
_ _ Xy -2 Al X _Xxy
AI(G2)=A1(xy)=7 A7(Gy)=A (—3! J——S!

(15)

(16)
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2 2 2.2 4 _ B x 4 xz 4 6
AN E)=A"| oL 2 ) A2(F))=A" £y Y |LXY gy
2' 2! 212! 4! 2121 4! 24! 6!

V. REPRESENTATION OF WAVE FUNCTIONS IN TERMS
OF INVERSE LAPLACE OPERATIONS

Let us divide the Taylor series expansion (6) into two parts (17). The first one includes harmonic functions F, and functions
connected with them by inverse operations, while the second one contains their Laplace inverse apart from harmonic functions G

u(x,y,t) =u,l+

2 =2 =2 z2
+6L2l RPN A ofom X+ Au t—+y— +
a 20 21) axlar 202

3 =3 -2 2 =2 =2 z2 =2 =2
+8L: x ¥ +a t'——y— +iAu L U e Cu +ty— +
ox \ 3 2 ox’ 20 2 Ox 2! 2! ot )\ 3! 2!

+
ox* 4 2120 4

+_ RN
ox\ oy

72 =3

3 =2= =3 2
+8 uyxy_y +i Ou t'x_y+Aau ty+y_+
ax’lay 20 3 ) axlay vl 2”3

4 —=3=  —==3 2 2 =2 =3 T2 ==3
GO fou Xy 351 O [0 X Y O ulL oo X3 O
ox* oy 3! 3! ox*\otoy )\ 20 31 ) ox| oy L 2! 3! otoy

allows us to rewrite formula (17)

‘<I

Using Afi(F;{ ), Afi(Gk), i=12..N,k=0,12...
u(x,y,t) =u,F, +

+6_uF Ou —1F, +
ot

Ox

2 _2
+aLZ{FZ+i(8thF +Aul —F, +A'F, |+
ox ox\ 0 2!

3 2 _2 73
+a’fa+82(8—”)t‘F | LR AF |+ A (8—”) LF +in'E, |+
o ar a2 ar \ 3

+—F, +

ox* ot

ax

ox*\ ot

4 —4 —2=2 =2 2 72 (=2 =2 —=2=2 =4 T4 72 =2 =4
Oupx Xy +2 +6 Aut_x__y_ NI RS VY t_+t_y_+y_ +
X ! 212! 4! 4 2020 4

4 3 2 72 74 72
Oup O (Ou)in, Ozt _F+A'F, AN F+t_AF A BF LA A |+
3 a 2 2 1 4‘ 0 2' 0 0

(17

(18)
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A (R 1Y G A'G,
X 8y ax ﬁtay
+ & a—”G4+ Ou \iG, + G+AG cn 2 G iiaG |+
o’ oy ox’ atay otoy )\ 3!
4 3 2 2 73
A TN NI BT PP G +A'G, |+l 21 tG+tAG
ox*\ oy ox’ \ otoy 6x Oty

n—1
—2; _kHF (x ) +i{i} 8" 1-2k k 814 i t—2j+1 A—k+/'F (x ) .
Y o 5 a \ &yt e

n=1 Jj=0

N [T] orim p k72 N {nzz} ok p ko2 _
+Z a2k [Ak HJ(Z %UGn 2 (% y)jJrZ < o 2k { atgyj[z ; Aik”GHfzk (X,y)J+RN+1,

= (2))! n=2 k= = 2j+!

where [x] gives the greatest integer less than or equal to x.

The obtained form of u(x,y,?) consists of two independent sequences of wave polynomials given by inverse operations
of harmonic functions.

We can repeat all the previous considerations to eliminate the partial derivatives from the Taylor series expansion with
the help of the wave equation. Then we obtain a similar form of function u, but now the inverse operations are calculated
in a different way — with distinguished different variables. The results of all possible eliminations and consecutive
expansions are presented in Table 2

Table 2. Relationship of expanded form of u(x, y, f) with the inverse Laplace operator and eliminated derivative

Eliminated Distinguished
derivatives variable in inverse Expanded form of u = u(x, y, f)
operations
n—k
ii anu ([ZZ:} tn—k—Z/
u(x,y,t) = —AVF (y,%) |+
) x S= ot L i (n—k-2j)! ‘
ou 2
2 A()= n—k-1
ox ( () 2!} N -l ﬂ 2 ] k12 '
+ ATG, ,X) [+ R 4
;koayﬁlnlkﬁ L ; (n—k—1-2)! 11 (s X) N+l
n—k
zzn: [ZZ:} t*‘*k*Z.f _
y u(x,y,0) = p —AVF(x,p) |+
o u i kat HE k-2
2 A=
ay ( ( )= 2!] {n k 1}
im o'u " Zz 2 A o) |+ R
4 x,y) [+ Ry,
SEadar oy & —k-1-zj R T
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vl o
u(x,y,0) = ZZ

-2k k 2j

t ki)
[$ s )

&

nm0k=0 OX"” 2 = (2))!
[ l} o1k . Ou kg2 "
+ —A"E X)) |+
y ; kz(; - Zk[ tj ;(2J-+1)! 12 (%,3)
aZu ( 1 yz ] |:,77 }
2 AT (D)==— N | 2| An-1-2k k2 )
ot 2! + < T [Aka_uj DL AIG, () |+
"o koo OX oy )\ 5= 2!
N {nz;z} anfzfzk ( . ou k t2f+1 n
+ A™G X, +R,,
; v axnfzfzkk ordy ;(2]._'_1)! o126 (%,9) N+

VI. STRUCTURE OF AN APPROXIMATE SOLUTION OF THE WAVE EQUATION

The solution of the wave equation is approximated by the sum of two linear combinations of wave polynomials

N N
Ox, y, )~ Y. a, ¢, (x,y.0)+ . ay, (x,,1)

k=1

n=0

(19)

where @ (%,,1) ¥ (X, 1,1) denote functions given by inverse operations of harmonic functions F,, G, respectively, N —

degree of harmonic functions.
DenOte h2n (xﬂy) = F;z (xﬂy)f h2n+1(x’y) =

G, (x,y),n=0 and arrange wave polynomials ¢, (x,y,t), v, (x,y,t) into

a triangle matrix (20). In every row there are polynomials of the fixed degree with respect to variables x, y. Each column

contains polynomials of the same degree with respect to variable z.

Py =hy
$=h
pr=h  py=th
¢ =" ¢; =th
2 1 (20)
p3=hy Py =th, ¢5=5ho+A hy
2
1‘2 1 t3 1
Po=hs  @r=thy @, = AThy gy =T kg ARy
2 A
¢ =h b =ths ¢, = 5}’3 + Ay ho =§hl +t Ay
tz -1 l3 -1 _t4 tz -1 -2
Po=hy @ =th ¢12:Eh4+A hy ¢13:§hz+fA hy (p14_4_!h0+2_!A hy+ A7 hy.

For an approximation purpose we always require a finite number of functions, so the question is in which way and how
many functions we should choose. Both the degree of harmonic functions and the assumption of accuracy with respect to
the time variable determine the unambiguous choice of functions presented in Table 3.
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Table 3. Elements of linear combinations of base functions depending on order approximations with respect to time

Order of polynomials
with respect

~P

~

~£

~F

~

~F

to space variables Harmonic base | Harmonic base b]z;lel:atflill 2?11;11 bz;l;agl:l (c)‘?il:n Base function Base function
function 7 function /; -1 1 A2 by A2 by
Ak A Ry
0 hg
hy
1 ho
hy
h h
2 } ! A by
hy hy
h h Ak
3 > } L) A by
he ha A h,
h7 h5 A-l h3 A-l hl -
4 y . A2 by
hg he A A" h,
ho hy A" hs A" by A hy 5
5 1 1 2 A~ hy
hio hg A" kg A" hy A~ hy
6 I ho A by A" hs A Iy A hy
his hyo A hg A b A hy A hy
; I I A by Ay A2 hs A2 by
hia hi N A hg A2 hg A% hy
g his i Ay A by A2 by A hs
hus huia N A By A2 g A2 g

The hypothetical system of approximating functions is shown below.
The linear combination of base functions, which gives polynomials up to degree 1 with respect to time and up to
degree 3 with respect to space variables consists of 12 functions

h07 hls h2’ h35 h4s h57 h6
thy, hy, tho, ths, thy.

If we require the quadratic approximation with respect to ¢ and the approximation up to degree 4 with respect to x and
y, we should take 25 functions

h()a hla h29 h3a h49 hSa h6a h79 h8
tho, thy, thyths, thy ths, thg

2

3

4

t -1
?! h0+ A h(),

2

3

2

2

3

e B A
a1 hot o N hott Ahy.

2

t . t ) t ;
Eh(ﬁ—tA e, §h1+ tA Iy, §h2+m ',

2

t t t t
Ehl‘i‘A_ll’l[, 5h2+A_1h2, 5h3+A_lh3, Eh4+A_ll’l4,

Generally, if an approximation of an exact solution consists of polynomials up to degree n with respect to x and y and
up to degree m with respect to ¢, functions used for the approximation are chosen in the following way. From the column
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with number j (1 <j <m — 1) in Table 3, 2(n —j + 1) consecutive functions should be taken. Notice that column 1 includes
only harmonic functions /;, whereas column j includes components A"/, When we omit a restriction on the order of

time, the approximation is exactly the truncated Taylor expansion of u = u(x, y, £) at (xo, yo, fo) up to the order x.

VII. POLAR WAVE FUNCTIONS
In polar coordinates the two-dimensional wave equation has the following form

Fu_du lou 1 S

ot ot ror rtop* D

Like in Cartesian coordinates, the solution of a problem given by equation (21) with appropriate initial and boundary
conditions can be approximated by a linear combination of polar wave functions (23) satisfying the governing equation.
These functions are obtained by substituting

xX=rcosp, y=rsing (22)
into (20).
A few of such functions are presented below:
hy =1,
h =rsing,
h, =rcosg thy =t,
t > r’sin’g
2 _ . L -1 _L rsn ¢
hy =r"singpcose, th =trsing 2!110+A hy 2!+ ol 23)
r’ £ _ £ ¥ sin’ @
h4—2—!(—cos2§0), th, = trcos 5}5 +A7'h —2—!rsm¢)+T
: r’ cos gsin’® @

r t
— 2 i = 1 —_— -1 = —
hy =r°singpcose, th, =trsing, 2!h2+A h, 2!rcosgp+ o]

An approximate solution is formed exactly in the same way as in Cartesian coordinates.

VIII. NUMERICAL EXAMPLES

The authors of papers [1] and [3] have shown how the wave-polynomial method works for polynomials generated for
one and two-dimensional Cartesian coordinates. Numerical examples presented here demonstrate how this method works
for wave polynomials given by inverse Laplace operators.
e Vibrations of a square membrane

The two-dimensional wave equation

o*u  *u  o%u
—=—+— (%,y)e(0,)x(0,1), t=0
ol o (24)

together with conditions:
u(0, y,t) =u(l, y,t) =u(x,0,¢) =u(x,1,t) =0

o (25)
u(x, y,0) = xy(x—1)(y -1 6—”t‘<x,y,0) =0

has the exact solution given by [5]

4= = sin(zx(2n +1))sin(z y(2m +1))cos (ﬂt\/(Zn +1)> +(2m+1) )

6
) ) 26
u(x,y,t) par ’;g Q@n+1}C2m+1y° =
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An approximate solution of this problem @(x, y, ) is
determined in a successive manner in the n-th time interval
((n—l)é't, n5t> as a linear combination of the Trefftz

functions
N
G)n(x’y’t)zzakhk(xnynt)' (27)
k=0

The unknown coefficients of this approximation a, are
obtained from the minimization of the following functional

J, =

o~

[(8,(x,3,(1-1)88)=©, ,(x,y,(n=1)51))" dxdy+

j j(a@n(x, »(n=1)50) 00, (x,y,(n —1)5”)2 ddy +

(28)

+
ot ot
1 not 1 not
[ | (0,x0.0) dide+[ [ (©,(xL0) drdx+
0 (n-1)5t 0 (n-1)5¢
1 not 1 ndt

[ [ (0,0.p.0)ddy+[ [ (©,0,7.0) drdy,

0 (n-1)5t

0 (n-1)5t

a)

which leads to a linear system of equations on ;. We
assume that in the first time interval, ®y(x, y, 0) is known
from the initial conditions. In the s-th time interval
<(n—1)5t, n§t> is given by the approximate solution at
the end of the previous time interval.

To solve the considered problem we take an approxi-
mation by the Trefftz polynomials whose degrees are
bounded by 10 with respect to space variables and 9 with
respect to time.

Figure 1 shows the results obtained at time # = 0.5 for
ot=1.

Because the greatest deflection takes place in the
middle of the membrane, Fig. 3 shows the results obtained
in the whole time interval at this point.

The approximate solution obtained for a given time
interval can be extended over this interval. Figure 4 shows
that the extrapolation in time of the approximate solution is
close to the exact one.

The extrapolation can obviously be made not only in
time but also in space, so the method should give good
results in solving inverse problems.

Fig. 1. Approximate solution (a), difference between exact and approximate solution (b) at = 0.5

a)

Ex, App

0.04
0.02

b)

Diff

0.001

0.0005

AWAYS

<

-0.0005

-0.001

-0.0015

Fig. 2. Approximate and exact solution (a), difference between exact and approximate solution
(b) at point (0.5, 0.5) for time interval <0, 1>
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Ex, App

Fig. 3. Exact and approximate solu-tion in the middle
of membrane for time interval <0, 1.56¢>

e Vibrations of a square membrane
with a constant source

The next example shows the vibration of a membrane
with the constant source O(x, y,f) = 0.1. The equation of
motion is given by

ou 0u 62
o2 N 0,1)x(0,1),

t>0

with initial and boundary conditions:

u(0,y,t) =u(l, y,t) =u(x,0,t) =u(x,1,£) =0

u(r, 30 =0 2 (x,7.0)=0 (30)
ot
The exact solution for this problem is known [5]
2~ 4sin(kzx) sin(lz
u(x, y,1) ZZ (kzx)sin(izy) o
=T 10y (kx)? + (In)?
€2))

v Hjsin(k;rx) sin(lzy)sin (m (- 2')) dzdyds.

As in the previous example the approximate solution to
this problem O(x, y, f) is determined in a successive man-
ner in the n-th time interval as a sum of linear combination
of the Trefftz functions (27) and additionally function
g,(x,y,t) which is the particular solution to the non-
homogenous equation (29).

N
®n(xnyat):Zakhk(xaynt)_l—gp(x:yat)' (32)

k=0
The unknown coefficients of this approximation a are
obtained from minimization of the functional (28), whereas
function g, (x,y,t) is calculated as [3]

a(k+l+m)Q(x0,y0’t0) fkylt_m _
aoya kiim!

g,=L'Q=L" (Z )
=0 k+I+m=n (33)
:Z z Cunl (xky t"),
n=0k+l+m=n
15 ()—CkJ—}/t-m) (Wpl W, + Wp?)

, 34
3 (34)

1

:L—l —k—l?m —
R A

( k+2y/tm +m(m l)L (xk+2—l_m 2)+

—10=DL' ),
1

=LY = A2 +1)

x (XY +m(m =)L (XY + (35)

_ k(k _ 1)L71 (Ek72)—}l+2t_m ))’

1

LT =

x ( f —1_m+2+k(k l)L (—k+2—l_m 2)+

— (=)L @ FT),

where X =x—x,,y=y—y,,l =t—1,.
The same polynomials as in the previous example are
used for the solution; function g (x, y,7) is taken as

_x2_y2+t2

36
p (36)

g,(x,y,1)=

Figure 5 shows the results obtained at time ¢ = 0.5 for
ot =1.

The approximate solution in the middle of the
membrane and its extrapolation in time are shown in Fig. 6.

The error of approximation in the middle of the
membrane defined as

5t b

j (©(0.5,0.5, 1)~ u(0.5,0.5,1))*dt

: St (37)
[ ((0.5,0.5, )y at

0

is calculated. The results are shown in Table 4.
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Fig. 4. Approximate solution (a), difference between exact and approximate solution (b) at = 0.5

Ex, App

0.015
J.0125
0.01
J.0075
0.005
J.0025

t

0.2 0.4 0.6 0.8 1

b)

Ex, App

0.015
J.0125
0.01
).0075
0.005
J.0025

Fig. 5. Approximate and exact solution at point (0.5, 0.5, 1) (a). Approximate and exact solution at point (0.5, 0.5, 1.5) (b)

Table 4. Error dependence on the number of polynomials and
length of time interval

Number Length of time interval
of polynomials 81=05 | =07 | 8t=1
N=49 0.0070 0.0860 0.1769
N=285 0.0565 0.1034 0.1612
N=121 0.0141 0.0387 0.0556
N=153 0.0200 0.0245 0.0458

The presented test example shows good accuracy the
approximate solution with wave polynomials as base
functions. Moreover, wave polynomials do not yield any
restrictions on the shape of the area, so the method can be
used for more complicated shapes of the considered areas.
In these cases wave polynomials may also be used as base
functions in different variants of FEM, which leads to bet-
ter accuracy of approximation in each element.

The method of generating wave functions presented
here can also be easily extended to a three-dimensional
equation.
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