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Abstract: For the local gradient approach in thermomechanics, the regularities of nearsurface nonhomogeneity in nonferromagnetic
electroconductive solids, including the size effect of the ultimate stress limit are studied. It is noted that surface values of interaction
energy and thermodynamic electric potential are determined by physical and geometrical properties of a body.
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I. INTRODUCTION

One of the major tasks of the solid mechanics is pre-
dicting the deformation, strength and other parameters of
real constructions and devices that are exposed to the
complex action of the environment. Such prognosis is
based on the use of proper mathematical models that
should take into account properties and structure of the
material as well as nature of external effects. Proper
consideration of the effects of local nonhomogeneity is
especially topical in connection with a wide practical appli-
cation of thin films and fibres, fine laminations, and the
like. It is known that such elements feature proportionality
of surface and volume factor components in the internal
energy. Nearsurface heterogeneity substantially influences
crack propagation and brittle fracture, flow deformation
and, so on. In the specialistic literature there are some
approaches to describe nearsurface heterogeneity within
nonferromagnetic electroconductive solids and solid solu-
tion models that are based on the concept of an electron
body structure with a double electric layer [1, 2]. For such
model approach the nearsurface heterogeneity of different
physical fields is considered as a result of electric potential
heterogeneity.

Local gradient models allow describing the effects of
local heterogeneities and the influence of different physical
nature fields on them. Thus, such models are appropriate to

describe the above phenomena. In works [3-6] and others,
the basic relations of the local gradient approach in thermo-
dynamics are presented, and the regularities of nearsurface
nonhomogeneity in thermoelastic solids and solid solu-
tions are investigated. The approach has been set up on
the basic principles of thermodynamics of irreversible
processes. It allows to account for the influence of dif-
ferent physical nature fields on mechanical behaviour of
the body.

In this paper the basic relations of the nonferromagnetic
electroconductive solid are presented for the local gradient
approach, and the regularities of nearsurface heterogeneity
and the size effect of the ultimate stress limit are investi-
gated.

II. LOCAL GRADIENT APPROACH
IN THERMOMECHANICS
OF ELECTROCONDUCTIVE SOLIDS

The physical and mechanical fields should follow the
laws of thermodynamics and balance equations. The start-
ing point for the solid mechanics model construction is
usually the equation of total energy balance. We suppose
that the total energy E can be expressed as a sum of internal
U, kinetic K, and electromagnetic field U, energies

E=U+K+U,, €))
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where the latter depends on intensities of electric E and
magnetic H fields.

U, =(&,B +u,") 2 @
satisfies the following balance equation
U Lo - - -
L=lv-(E><B)+(Jw+wﬁ)-E, 3)
9T U,

where 7 is time, B = ,uoﬁ , J » 18 the vector of electric char-
ge flux, o is the electric charge density, and v is the bary-
centric velocity.

The balance equation for the total energy in the local
form for the geometric linear approach is as follows

a—EzV[&-v—TJS ~HJ, —@JW+LE><BJ. 4)
a7 Hy

Here & is the Cauchy stress tensor, T is temperature, H
is the chemical, and @ is the thermodynamical electric
potentials [1], js and jm are the vectors of the entropy
and mass fluxes.

The balances of momentum 12‘,, entropy S, mass den-
sity p, and electric charge density w are

akv:v,é-_’_ﬁ‘e’ a_S:_V.jY.Fo-q’
o7 or ’ )
P _5.j , a—wz—V-Jw, (5)

ot " oT

where F, = (] » TV )X B+®E is ponderomotive force and
oy 1s entropy production.

Maxwell’s equations can be written in the local form as
[1,2]

VxE=-B  9xB = oy Lt (7, + o),
o7 o7

V-B=0, gV E=0. (6)

The local gradient approach in thermomechanics is
based on presenting the flux J, as a sum of the irreversible
J; and the reversible 07, /07 components (k= {s, m, ®}).
In this particular model we assume

Y Y
Js=]s’ Jw=_a_:)+]w’ Jm=_ a: (7

that will modify the equations of mass and charge balance
to the form

0
2P~

\% ﬁm):Oa

From the above relations we obtain the equation of inter-
nal energy balance
aU aS dp ow . 0e

=T Z2+H :
or or ot or or

~To,-VT-j,-(VO-E)-j,. ©)

Here ¢ is the Cauchy strain tensor, £'= E+vxB and
for the increase of kinetic energy in time the expression
dK =7 -dk, has been used.

Following the thermodynamics of irreversible processes
we can rewrite Eq. (9) in the form:

dU =TdS + Hdp+®dw+VH -d7, +
. N (10)
+(Vo-E')-d7,+6: dé,
1 = 4 l -+

o,=—=VT-j; —-(?@—E’)']w.

11
sTTT T (1n

Internal energy of an arbitrarily selected small element
of the body is considered to be a thermodynamical po-
tential function of state parameters: entropy S, mass density
p and charge density w, vectors of elastic displacement of
mass 7, and charge 7,, as well as strain tensor €, i.e.:

>
U=U(S,p,0,7,,7,.e). (12)

III. CONSTITUTIVE EQUATIONS
AND THE BASIC FIELD EQUATIONS

Introducing the Legendre transformation
F=U-TS-pH-w®-%, -VH -7, -(V&-E'), (13)

the energy F = F(T, H,®, VH,V®—E’, &), for which
dF =-SdT - pdH —od® + 6 : dé +

_ - - (14)
~ %, d(VH)-7,-d(VO-E'),
we write such state equations
__F L F G- 9 L ___F
ar’ OH’ 00" " 9(VH)’
7 = oF , JA=8F (15)



Interface Phenomena and Interaction Energy at Surface of Electroconductive Solids 107

Basing on the entropy production expression (11) and
Onsager’s reciprocal relations, the following kinetic equa-
tions can be written

(16)

which satisfy the second law of thermodynamics [7].

This yields the definite form of constitutive relations.
These relations along with balance equations for total
energy, electromagnetic field energy, momentum, mass,
entropy and charge, Maxwell's equations for body and
vacuum, as well as the Cauchy relation for the strain, make
up the complete set of equations in the local gradient model
of nonferromagnetic electroconductive solids.

Note that due to classical models which do not regard
gradients of chemical and thermodynamical electric poten-
tials as parameters of the local equilibrium state, and sup-
posing the fluxes to be of irreversible form, from (8) we
obtain

%# oo, %3], (7

ar ot
and that yields to

p = p, =const.

We assume now function F' to be quadratic in distur-
bances of parameters according to the initial state in the
foorm H=H,, p=p,,S=S,,T=T,, ®=0, =0, =0,
6 =0. We shall denote disturbances of chemical potential
and temperature as n=H —H, and =T -T,, respec-
tively. This assumption leads to linear state equations.
Hence, the linear kinetic relations and the constitutive
equations for isotropic body are

6= 2yé+[/1e—(3/1+2/1)(05t6+am77 +awCI>)J I,
s=8-8.=03A+2u)oe—a,n+c,0/T, -, @,
p-p. =03A+2u) 0 e- 00—, -, P,
@=(3A+21) e — 0,0 — Ol — @

o =ZmV 1 = Yo (VO )

R =XV ~Xow(VO-E); (18)

- Vo Vo-E
o= Ay —— Ay
]5 sS T s T

>

- Vo Vo -E

o = Aoy » 19

fa) N T ww T ( )
where u,A,0,,0,,,0,, C,, Qs Cmms Cmas Caars Xm»

K> Xows s> Asw» Hom are constant coefficients.

Choosing the displacement vector i , temperate 6, the
electric @ and chemical 77 potentials as the key functions,
we can write the set of field equations in linearized ap-
proximation as follows

Vi +(A+ )V (Vi) +
- (3/1+2y)(0(ﬁ€+amvn+awvd>) =0,

A V20 + A, VD +

+ @((3ﬂ+2ﬂ)aaﬁ i —a’twﬁ—amwn—amd)) =0,
&

KoV XV @ +
+ (3ﬂ+2ﬂ)|:am _M}(v.g)_{amt _ Xmo%ow :|9 +
& &
- |:amm _me—a’”w:|77_|:amw _ XnoPow :|(I) -0 ,
£ &
A V20+ Ay, V2O +

) ) (20)
— 200 (BA4240)01, V-1 = 0,0 = O ] = 0, @) = 0,
&

where o=6:1. Such problem allows to describe the near-
surface and nearcontact heterogeneity in nonferromagnetic
electroconductive solids after the formulation of the proper
boundary and initial conditions.

On the basis of the obtained relations we study some
interface phenomena in a layer for isotermal conditions in
the sequel.

IV. MECHANICAL AND ELECTRIC FIELDS
IN A LAYER

Let us consider an electroconductive layer (region
| x| <! in Cartesian coordinates {x,y,z}). We assume that
the values of chemical and thermodynamic electric po-
tentials are given at free of load surfaces x =1/. The layer
can be stretched at infinity y — teo. For such conditions
in the body one-dimensional situation is realized.

Taking as the key functions the nonzero components of
stress tensor &, the electrical ® and chemical 77 potentials
and using balance Eq. (17), constitutive Egs. (18), (19),
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stress equilibrium equation and compatibility equation for
one-dimensional situation in the layer, we write
2 2 2
do, do. _ d

dx? dx? _aocbc_z(n+ag) )’

2 2
@
kmm%+kmwd7—amn—awq>=o,

2

(o}
d > +a'””’77+a‘”‘”<1>:0,
dx® & &

e2))

where g, a8 Ky s Kmas G > Q> Gmey» Sy AT€ the constants
that may be expressed in terms of the constants used in
(18), (19) and a,,=aga,. Here we neglected the stress
influence on chemical and electric potentials.

We take now the boundary conditions in the form

n-6=0, n=n,, ®=0,, (22)

at surfaces x ==/ (77, #0, @, #0), as well as the condi-
tions of mechanical equilibrium

! !
jaydx=20';l, .[xO'ydxzo,
] )

jazdxzo, jxdzdxzo.
-1 -1

(23)

We should also take an electroneutrality layer condition

1
j (x)dx =0 (24)
o

that leads to constraint ¢(®,,77,) =0 on the surface values
of chemical and electric potentials. Another relation that
connects these surface values is the balance of mass for the
whole body. This produces the conclusion about the self-
organizational nature of the body state which means that it
is a steady state at the surface of the body.

Neglecting the effect of the electric potential on the
chemical potential for the layer which is free of load
(O';f =0), we obtain the problem solution in the form

cosh(x;,x)
“ cosh(x,l)

n(x) =

0,(x)=0.(x)=

o, { (1=, )[cosh(/(mx) B tanh(z«mz)}r

cosh(x;,/) K,l

+a2(1+ K, J[cosh(l(wx)_tanh(l(wl)ﬂ,

K, — K, )\ cosh(x,/) Kyl

O(x) =

—o, KH K, Jcosh(l(wx) K, cosh(l(mx)} ’

K, — Kk, ) cosh(x,l) K, —k, cosh(x,/)

o(x)=—a,,d, %

ww ~ a

(25)
XMH K, ]cosh(l(wx)_ﬁ K, cosh(/(mx)}’

K,—K, ) cosh(k,l)  x K,—k, cosh(k,,])

where «,,, K, a,, a,, a,,, are constants that can be expres-
sed in terms of those used in (21).

This solution demonstrates the existence of two dif-
ferent characteristic sizes of nearsurface heterogeneity in
the layer; one is related to the electron subsystem and char-
acterized by parameter K;l, while the other is related to
the chemical potential (interaction energy) and is character-
ized by parameter K';ll . Comparing the obtained results to
those found in literature we can assert that &, >> k.

The results of numerical investigations are demonstrated in
Fig. 1, where the distributions of relative electric potential
@) = d(x)/®, (solid line), charge & = &(x)/(~a,, @, )
(dashed line) are presented for «,,/x,=0.5, x,/=10.
For large values of x,,/ (thick layer) the heterogeneity of
the charge distribution is inherent in small nearsurface
regions, while the inner regions of the body are nearly
electroneutral.

@
@)

0.57

Fig. 1. Electric potential and charge distribution in the layer

V. SURFACE STRESSES
AND ULTIMATE STRESS LIMIT OF A LAYER

Stress distributions in the layer are similar to the distri-
butions obtained in the framework of the elastic body
model for the local gradient approach [8] and the parameter
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x,/k, does not essentially influence the stress value.
Stress distributions are important for investigating the
ultimate stress limit of the body for different conditions of
external load. For the stretched layer (0'; >0) in the
considered problem, stresses achieve the maximal value at
the surfaces x =%/ of the body.

Taking the criterion of the first classical theory of
strength as a criterion of brittle fracture, i.e. supposing that
fracture occurs when the largest principal stress exceeds the
given value o/, and assuming that the fracture happens
instantly when this condition is held in any point of the
body from relation o, (/) = o/, we obtain the expression
for force load intensity O ?, that causes the fracture

Kl K,!

o — 0, +a, [ 1-b tanh(x,/) tanh(/cwz)j e

where k is the material constant, and

o, =0’ —ayn, (1—k+kﬁJ 27
K,

«

is the ultimate stress limit for thick layers (x,/>>1,
K, >>1).

Relation (26) shows that with the increase of layer size
[, the critical load intensity 0';”“ decreases, which means
that the thick layer can bear less net stress than the thin
one. Thus the local gradient approach models allow to de-
scribe the size effect of the ultimate stress limit. For the
size effect two scales are peculiar.

Intensity of the force loading ¢”
SO'(’) = (o"v’k -0, ) / (agn, )) that results in brittle fracture
ependencé on relative thickness of a layer is presented in
Fig. 2 for parameters X =x,,/, k=0.5, x,,/x, =0.2.

o]

0.2

0.14

10 20 X

Fig. 2. Critical intensity of force loading dependance
on the layer thickness

The surface value of chemical potential (interaction en-
ergy) influences the stressed-strained state, ultimate stress
limit, and its size effect as well. In [8] the method of
finding the surface value of chemical potential in an elastic
body is proposed. It is shown that the environment effects,
n,, and consequently the body ultimate stress limit, are
essential.

VI. CONCLUSIONS

In the model of nonferromagnetic electroconductive
solid, nearsurface heterogeneity is caused by the electron
subsystem of the body, and the variation of interaction
energy at the surface results from a given region which
comes from all inner regions of the body.

Surface values of chemical and thermodynamical po-
tentials are uniquely determined by physical and geometri-
cal parameters of the body and its environment.

The size effect of ultimate stress limit features two
specific sizes (two scales), one of them being related to the
electron subsystem of the body, while the other one to the
interaction energy.
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