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Abstract: Two-dimensional system of hard cyclic heptamers is studied by Monte Carlo simulations. Iso-
therms ofvarious crystalline structures formed by the heptamers are obtained. Melting as well as structural
phase transitions between crystalline structures are localized. Above melting a rotational phase is observed
ofhexagonal lattice and isotropic distribution of molecular orientations. With increasing density the coup-
ling between the orientational and rotational degrees of freedom leads to appearance of clearly anisotropic
patterns ofthe atomic density distribution around the lattice sites. These patterns exhibit 6-fold symmetry.
At high densities the heptamers form crystalline structures of rectangular lattice and without molecular
rotation. Elastic constants ofthe dense crystalline structures are computed by using an algorithm based on
the strain-fluctuation method. It is shown that the densest known crystalline structures of the heptamers
exhibit negative Poisson's ratios near close packing.

1. INTRODUCTION

The planar hard cyclic heptamer molecule, for simplicity further referred to as heptamer,
consists of seven equidiameter hard discs-"atoms"' whose centres form a perfect.heptagon of si-
des equal to the diameter ofthe discs. Although the heptamer "molecule”, with its purely geome-
trical interactions, does not exist in nature, there are a few reasons for which the thermodynamic
and structural properties of systems composed of such molecules are worth to study. These
reasons are discussed below.

The heptamer is an example of a hard body. Hard body systems are, in general, important
reference systems in the theory of fluids [1,2]. Systems ofhard molecules can also model other
condensed matter phases. Using molecules of various shapes one can obtain, e.g., liquid
crystalline phases [2], various crystalline phases, including orientationally disordered phases [3],
and even thermodynamically stable, aperiodic solid phases (degenerate crystals) [4]. Models with
hard interactions are attractive (both from the point of view of the theory and computer
simulations) for the simplicity oftheir phase diagrams. Purely geometric interactions imply that
for such models the whole phase diagram can be obtained by simple scaling of a single isotherm.
This simple scaling (by temperature) can be also applied to some important thermodynamic
quantities, like pressure or elastic constants, describing the hard body systems.

" The interaction potential oftwo hard discs is zero ifthe distance, r, between the centres ofthe discs is not
less than the disc diameter, 0. Otherwise, ifthe discs overlap (r < o), the interaction potential is infinite.
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In studies of hard-body systems, particular attention has been paid to the convex bodies [2]
because various rigorous results arc known for them [5-7] and using convex bodies one can speed
up simulations in some thermodynamic ensembles. Although the heptamer is not a convex
molecule, it belongs to so called star-shaped bodies’. The star-shaped bodies, being as convenient
as the convex bodies in certain computer simulations [8], can model broader class of molecules
than the convex bodies. At present, however, relatively few results are available for the hard star-
shaped bodies. In this context the study of hard heptamer system is useful as it enlarges the
amount of available data on non-convex hard star-shaped bodies.

The heptamer is one of the simplest examples of a molecule exhibiting the 7-fold symmetry
axis. This axis is the next lowest axis, after the 5-fold one, forbidden in periodic crystalline pha-
ses. It isinteresting, in general, what kinds of dense structures can be obtained from highly sym-
metric molecules of symmetries forbidden in crystals. In contrast to various studies of model
systems containing particles of pentagonal-like shape [9-11], the present authors are not aware
of any investigations of planar particles of heptagonal-like shape.

Another interesting problem is related to dense structures of heptamers. The close packed
structure observed in simulations of hard cyclic pentamers (which are composed of five discs-
atoms with centers placed at vertices of aperfect pentagon of sides equal to the disc diameters)
is formed of pentamer rows showing "anti-parallel" orientations [10, 11]. It can be shown that
the heptamers can form two close packed structures of this kind and these structures have almost
the same density. It is interesting if this quasi-degeneracy shows any influence on the phase
diagram and properties of the system. Such studies can be useful for better understanding
thermodynamic stability of solid phases.

Being an anisotropic and non-convex molecule, the heptamer is aso an attractive candidate
for testing some computational methods. In particular, one can check how a simple method of cal-
culating the elastic properties of solid phases by computer simulation [12] will work for an aniso-
tropic system. Moreover, as such calculations require generating very long cycles of random
numbers, they can be also used as practical efficiency tests of some random number generators
[13-15],

Last but not least, it is worth to mention that even a study of very artificial systems can be a
source of important information concerning real systems. (The best known example is the Ising
model.) Some years ago, it has been pointed out that certain systems of anisotropic (non-convex)
hard-bodies can exhibit anomalous Poisson's ratio at high densities [16], It is interesting if such
a counterintuitive behaviour can be observed in the heptamer system. It should be stressed here
that systems of negative Poisson's ratio are not just theoretical curiosities but can find a lot of
interesting applications. They have been manufactured more than a decade ago [17] and since that
time they have been a subject of very intensive studies [18],

The main aim of this paper is to determine the elastic properties of the densest phases of
heptamers by applying the strain-fluctuation method [12], This study extends the amount of

2
Any point of a star-shaped body can be connected with a point, called star-point, by astraight-line segment
contained in the body. Each point of a convex body is the star-point.
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available data concerning systems consisted of anisotropic molecules interacting through strongly
anharmonic potentials. Such dataare useful to construct various theoretical approximations and
necessary to test such approximations. As a by-product we obtain some information on the
equation of state and structural properties of the heptamers.

The paper is organized as follows. Thé Section 2 concerns the eguation of state (EOS) and
structural properties of the heptamer system. In Section 3, the elastic constants of dense crystalline
structures of the heptamers are discussed. The Section 4 contains a summary and conclusions.

2. THE EOS OF THE HEPTAMER SYSTEM

Usually, the structure of the ground state of a system determines the structure and the pro-
perties of its lowest-temperature phase. So, simulating a low-temperature crystalline phase of a
system, it is natural to start simulations from the ground state configuration. In the case of hard-
body systems the latter one corresponds to the system structure at close packing. When the ground
state (the close packed structure) of a system is not known before simulations, one may try to find
it by using the simulations. For smooth interaction potentials the most natural way to achieve this
task is to start from a high-temperature (disordered) state and then decrease the temperature
slowly enough to allow the system for annealing possible defects. The final state (usually well
ordered) reached in such aprocess can be considered as stable (or, at least, meta-stable) at the
lowest temperatures. For hard-body systems the corresponding process of searching for the close
packed structure requires increasing the pressure to temperature ratio.

In principle, one could expect that within such a computational experiment the complete EOS
would be determined for the system studied. In fact, however, there is a possibility that some
metastable phases are obtained, what should modify interpretation of obtained results. For this
reason it is meaningful to perform the next computational experiment by continuing the simu-
lations in the opposite direction, i.e. with decreasing pressure to temperature ratio. Obviously,
obtaining the same results in both experiments is a necessary condition to expect that the obtained
data represent the EOS of the system. However, one should be aware that this is not a sufficient
condition, in general. The studies of the heptamer system, described below, clearly illustrate such
a possibility.

The structure of the densest phase of the heptamers was not known before the simulations.
Thus, constant pressure Monte Carlo simulations (of N= 780 molecules) in abox of variablesha-
pe,see e.g. [19], were initiated at veiy low value of the dimensionless pressure, p* = pd/kT=0.1,
where the thermodynamically stable phase is fluid. In the fluid phase the system was both transla-
tionally and orientationally disordered. After equilibration, the dimensionless pressure was slowly
increased in subsequent runs what resulted in decreasing the system volume’. Freezing ofthe fluid
was ob}served around p* = 1.0, see Fig. 1. Above the freezing transition the fact that the shape of
the simulation box was relaxed became important because the system could "choose" the
equilibrium structure. Hexagonal lattice of the mean positions of the molecular mass centres was

As the system is planar the volume means the area ofthe system. In this paper a dimensionless volume,
being the ratio ofthe system area to its area at the closest known packing, is used.
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Fig. 1. The EOS of the heptamers. The dimensionless volume v* is defined as theratio of the volume of the
system to the volume of the close packed structure denoted by J2 (see Fig. 4c) which is the densest known
structure of the heptamers. The heptamer molecule is shown in the |eft upper comer. The insert below it pre-
sents the enlarged transition region between the hexagonal crystalline phase with molecular rotation (rotatio-
nal phase) and a crystalline structure without molecular rotation (the B-structure), see Fig. 4b. The inserts
on the right show the atomic probability density around a crystalline lattice site a) in the low-density rota-
tional phase (p* = 2), b) in the high-density rotational phase (p* = 6), and c) in the B-structure (p* = 20),
respectively
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Fig. 2. An example explaining the influence oftranslational-rotational (TR) coupling on the symmetry of
the "atomic" patterns formed by heptamers around the lattice sites: a) a highly symmetric pattern formed
without any TR coupling, b) a pattern of 6-fold symmetry obtained at a strong TR coupling. The red dots
represent centres ofthe discs and the molecular centre at "zero" orientation, the green dots are obtained by
applying to this molecule rotations by kz/6 (k= 1,..., 5) with respect to the centre ofthe coordinate system

formed. However, the molecular orientations remained disordered, the molecules were almost
freely rotating, and the "atomic" density distribution was seen as ring-like patterns around the
lattice sites; an example is shown in Fig. la. Abovep* = 2.8, although the molecules were still
able to rotate, some structure ofthe 6-fold symmetry became visible in the atomic distribution
around the lattice sites, see Fig. 1b. This indicated a strong coupling between orientational and
translational degrees of freedom in the system. The origin ofthe 6-fold symmetry ofthe found
pattern is illustrated in Fig. 2. Such behaviour was earlier observed in the planar hard cyclic
pentamer system [10],

The hexagonal structure remained qualitatively unchanged (but some quantitative changes
were observed: the distances between the lattice sites were decreasing, the pattern around the
lattice sites was becoming sharper, and the molecular rotation was slower at higher densities)
when p* was increased up fo p* = 13.5. Above this value the symmetry of the lattice of the
molecular centres has been spontaneously reduced and the molecular rotation froze. The unit cell
consisted oftwo molecules and the atomic pattern around the lattice sites showed clearly 7-fold
symmetry, see Fig. Ic. No qualitative changes have been observed in the system whenp* was
further increased up to the value p* = 10’ (which can be seen as infinity) and the system tended
to the close packed structure marked in Fig. 3 as the B-structure.

To check if the system would behave in the same way when p* is decreased, the second
experiment was performed, starting from the final state ofthe first experiment. The results were
the same except some hysteresis near the structural (first order) phase transition in the solid
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Fig. 3. The minimum distance of neighbouring "anti-parallel" rows ofthe heptamers (all molecules in a row
have the same orientation, zero or 7) versus the minimum distance of perpendicular projections ofthe cen-
tres oftwo heptamers representing different rows on the row direction
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Fig. 4. Three close packed structures of the heptamers for which
the elastic constants were studied in this paper: a) the A-
structure of rectangular lattice and two molecules per unit cell,
b) the B-structure of rectangular lattice and two molecules per
unit cell, ¢) the J2-structure of rectangular lattice and four
molecules per unit cell. The line segments with one end in the
molecular centre represent the molecular orientation angle (with
respect to the x-axis) multiplied by 7. It can be seen that the
lattice of the heptamer mass centres ofthe B-structure is much
closer to the hexagonal lattice than the corresponding lattice of
the A-structure. The J2 structure is the densest of known struc-
tures formed by the heptamers.
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phase, seetheinsert in Fig. 1. The transition from the B-structure to the hexagonal crystal with
rotation was observed at p* = 10.5 what is about 30 percent less than when the system was
compressed. Some small hysteresis was also observed near melting.

At afirst look the described above simulation results might suggest that the problem of the
heptamer phase diagram has been solved. Namely, one might expect that only thermodynamically
stable phases have been observed in the whole pressure range. However, a closer inspection of
theFig. 3, clearly indicates that the crystalline structure, denoted by A, which is denser at close
packing than the B-structure found in the simulations. It is worth to notice that the lattice of the
B-structure is closer to the hexagonal lattice than the lattice of the A-structure.

The packing argument implies that the B-structure observed in the simulation cannot be
thermodynamically stable in the whole density range where the molecular rotation is frozen. The
simplest scenario consistent with the described simulations and the close packing argument would
require presence of a phase transition between the structures A and B at very high densities. Such

1000 4

100
Fig. 5. The isotherms of the A, B, and J2 crystalline p*

structures of the heptamers
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a transition might be revealed at decompression of the A-structure. Further studies were then
necessary.

The next simulation experiment was started from the A-structure at the dimensionless pressure
p* = 2000. In subsequent runs the pressure was slowly reduced. No qualitative change of the A-
structurewas observed downto p* = 11 where the system rapidly decreased the relative volume
and "jumped" to anew structure shown in Fig. 4c. In this paper the latter structure will be refer-
red to as the J2-structure. The J2-structure was observed until a transition to the hexagonal lattice
with hindered rotation of the molecules has occurred atp* =~ 6.5. Below this pressure the same
scenario was found as in the first experiment when the B-structure was decompressed.

It should be stressed that the J2-structure is the densest of the known packings of thehhepta-
mers. When compressed from the state of pressurejust above the spontaneous transformation to
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the hexagonal lattice with rotation, the J2-structure remained qualitatively unchanged up to
p* = 10’. Tt should be noticed, however, that also the A-structure remained qualitatively
unchanged when compressed up to p* = 10’ from the state of pressure just above its spontaneous
transformation to the J2-structure. This proves that the free energy barriers between various
crystalline structures of the pentamers are very high at high densities. The isotherms of the
structures A, B, and J2 are shown in Fig. 5.

The above results indicate that the heptamer fluid freezes into the hexagonal crystalline phase
in which molecules can rotate. With increasing density the rotation of molecules changes from
almost free one to strongly hindered one and, finally, a structural transition occurs to a phase with
frozen rotation. It is not known at present what are the stability ranges, if any, ofthe structures
A, B, and J2. Solution of this problem requires a comparison of the free energies of these
structures. However, this will not be the subject ofthe present study because the obtained results
prove that all these structures are at least metastable in a certain high-density region. This is
sufficient to enable one for computing their elastic properties in the (meta-)stability range by
using the strain-fluctuation method what is the subject of the following section.

3. ELASTIC PROPERTIES OF THE HEPTAMER SYSTEM

Computations of elastic properties of the heptamer crystalline structures were performed by
the strain-fluctuations method [12, 20], We will not describe this method here, restricting
ourselves to the basic definitions only.

The (variable) periodic box is such that it can be described by the symmetric box matrix, 4,
the columns of which are formed by the components of the edge-vectors of the box. The
(Lagrange) strain tensor, ¢, can be then written as [20]

_ (&y'hhB)' - 1)
Es—— ()

where the zero index denotes the reference state. In the constant pressure simulations, it is
convenient to define the reference state as the equilibrium state at the simulation pressure. The
components of the tensor ofthe elastic compliances [12] can be then expressed by fluctuations
ofthe components of the strain tensor as follows

2 =

P<e g, >=8.
T K 4 (2)

y iy

where the meaning of the averages is discussed in [12] and volume is calculated as V= det (h).

For two-dimensional hard-body systems it is convenient to use dimensionless elastic compliances:

S . kT

Sy = —+—5— (3)
7



Table |I. The equation of state and the dimensionless elastic compliances of the B-structure for various numbers, N, of the heptamers in the system.
The Voigt notation is used here and in the following tables and figures

N p* v* Si Sia Sis Sa Sae Ses

36 15 1.0404(6) 0.00210(7) -0.00059(2) 0.00004(4) 0.00086(2) -0.00002(2) 0.00126(6)
56 15 1.0402(5) 0.00218(7) -0.00059(1) 0.00000(3) 0.00085(1) 0.00000(1) 0.00122(3)
224 15 1.0401(3) 0.00214(4) -0.00061(1) 0.00000(3) 0.00085(1) 0.00002(1) 0.00117(3)
36 20 1.03326(5) 0.00116(4) -0.000271(17) -0.000007(14) 0.000437(7) 0.000002(8) 0.00061(2)
56 20 1.03321(2) 0.00111(2) ~0.000260(10) 0.000010(11) 0.000425(6) -0.000002(3) 0.00058(1)
36 30 1.02640(2) 0.000409(9) -0.000075(3) -0.000001(3) 0.000172(4) 0.000002(4) 0.000238(8)
56 30 1.02638(1) 0.000399(7) -0.000077(2) 0.000001(3) 0.000176(3) -0.000003(2) 0.000232(4)
36 50 1.02126(4) 0.000128(4) -0.000021(2) 0.000002(2) 0.000061(2) 0.0000003(5) 0.000080(2)
56 50 1.02123(2) 0.000125(2) -0.000021(2) -0.000001(2) 0.000060(1) -0.000000(4) 0.000080(2)
224 50 1.02121(1) 0.000130(3) -0.000020(1) 0.000002(1) 0.000059(1) 0.000000(1) 0.000077(1)




Table I1. The equation of state and the dimensionless elastic compliances of the A-structure of the heptamers (N = 36)

p* v S S5 Siy s Se2 Sis
1 2 3 4 5 6 7 8
1000 1.009992(6)  0.000000152(18)  0.000000132(19)  0.000000011(16) 0.00000021(3)  0.000000004(13)  -0.000000023(7)
860 1.010043(2)  0.000000192(7)  0.000000207(6) 0.000000050(06)  0.000000352(10)  0.000000022(5)  0.000000018(10)
739.6 1.010113(2)  0.000000258(8)  0.000000291(12)  0.000000050(03)  0.000000465(8)  0.000000001(14)  -0.000000006(9)
636.056  1.010194(2) 0.00000036(2) 0.000000375(8) 0.000000089(12) 0.00000063(3)  -0.000000018(16) ~0.000000019(8)
547.008  1.010285(2)  0.000000479(9)  0.000000491(17)  0.000000087(0S) 0.00000087(4) 0.00000003(2) 0.000000000(2)
470427  1.010396(2) 0.00000070(2) 0.00000068(2) 0.000000136(13) 0.00000120(3) -0.00000002(3)  0.000000005(17)
404.567  1.010517(3) 0.00000092(3)  0.000000932(19) 0.00000020(2) 0.00000169(5) 0.00000002(4) 0.00000001(5)
347.928  1.010659(2) 0.00000116(5)  0.000001266(16)  0.000000230(18) 0.00000215(9) -0.00000006(4)  -0.00000005(5)
299.218  1.010830(3) 0.00000157(4) 0.00000170(7) 0.00000027(7) 0.00000275(13) 0.00000004(6) -0.00000002(5)
257.327  1.011022(3) 0.00000203(9) 0.00000251(3) 0.00000051(5) 0.00000402(17) 0.00000005(5)  -0.00000021(11)
221.302  1.011264(5) 0.00000289(7) 0.00000310(3) 0.00000046(6) 0.0000050(3) 0.00000008(9) -0.00000003(7)
190.319  1.011537(7)  0.00000411(13) 0.00000413(8) 0.00000083(11) 0.0000074(3) 0.00000007(15)  -0.00000019(5)
163.675  1.011840(10)  0.00000540(3) 0.0000054(3) 0.00000094(19) 0.0000093(3) 0.00000021(16)  -0.00000001(17)
140.76  1.012213(16) 0.0000075(3) 0.00000777(19) 0.00000177(14) 0.0000128(3) ~0.0000002(4) 0.0000001(3)
121.054  1.012668(18) 0.0000102(4) 0.0000112(4) 0.00000220(11) 0.0000194(4) -0.0000001(3) 0.0000002(4)
104.106 ~ 1.013112(12)  0.00001266(19) 0.0000140(6) 0.00000275(13) 0.0000231(7) 0.0000004(5) -0.0000003(3)
89.531 1.013677(11) 0.0000174(5) 0.0000186(6) 0.0000033(3) 0.0000302(15) -0.0000006(7) 0.0000008(4)
76.997 1.01435(3) 0.0000253(9) 0.0000254(10) 0.0000057(9) 0.000042(2) 0.0000002(10) ~0.0000001(5)
66.217  1.015101(18)  0.0000328(11) 0.0000347(8) 0.0000065(5) 0.0000609(16) 0.0000021(10) 0.0000002(12)
56.947 1.01607(2) 0.0000436(15) 0.0000462(19) 0.0000084(6) 0.000094(7) 0.000001(3) 0.0000010(18)




1 2 3 4 5 6 7 8
48974  1.01712(4)  0.0000593(19)  0.0000666(11) 0.0000118(12) 0.000131(5) ~0.0000026(18)  ~0.0000010(19)
42118 1.018312(16)  0.000083(3) 0.000089(2) 0.000015(2) 0.000159(7) -0.0000062(9) -0.000002(2)
36221  1.019776(10)  0.000103(7) 0.000123(2) 0.000021(4) 0.000235(5) 0.000005(7) 0.00004(5)

31.15 1.02151(4) 0.000158(9) 0.000154(9) 0.000030(4) 0.000306(13) 0.000007(7) 0.000014(6)
26789  1.02356(8) 0.000224(14) 0.000242(3) 0.000051(7) 0.00048(3) 0.0000003(19) -0.000016(7)
23.039  1.02583(8) 0.000282(10) 0.000305(6) 0.000046(12) 0.00068(3) -0.000006(17) 0.000005(15)
19.813  1.02876(2) 0.000399(8) 0.00043(2) 0.000076(7) 0.00106(6) -0.000039(15)  ~0.000031(14)
17.04 1.0263(2) 0.0020(12) 0.00057(3) -0.00013(17) 0.00092(15) 0.000004(13) 0.000019(12)
14.654  1.02550(11) 0.00096(4) 0.000669(18) 0.00003(3) 0.00080(3) -0.000023(12)  -0.000033(16)
12.602  1.03007(12) 0.00134(9) 0.00097(2) 0.00004(2) 0.00122(3) ~0.00002(2) -0.00003(4)
10838 1.03500(19) 0.00207(5) 0.00118(5) 0.00007(3) 0.00156(6) -0.00001(2) -0.00001(6)
9.321 1.0416(2) 0.00293(11) 0.00172(3) 0.00011(2) 0.00244(5) 0.00005(5) -0.00012(8)

. 8.016 1.0495(3) 0.0043(2) 0.00227(5) -0.00013(6) 0.00376(11) 0.00003(10) -0.0001(2)
6.894 1.0739(3) 0.00712(33) 0.00661(39) -0.00347(46) 0.00526(37) 0.00008(20) -0.00014(21)
5929  1.08145(18) 0.00808(25) 0.00739(45) ~0.00357(25) 0.00623(17) 0.00047(21) -0.00063(12)
5.099 1.0901(2) 0.00897(18) 0.00976(41) -0.00414(7) 0.00672(16) ~0.00028(11) 0.00057(16)
4385 1.0989(3) 0.01128(42) 0.01057(50) -0.00471(34) 0.00781(11) 0.00076(36) -0.00043(18)
3.771 1.1097(3) 0.01426(58) 0.01486(41) ~0.00587(23) 0.00978(40) -0.00019(21) 0.00029(29)
3.243 1.1203(3) 0.01814(145) 0.01790(44) -0.00728(50) 0.01263(57) -0.00022(36) -0.00024(43)
2.789 1.1334(2) 0.02167(75) 0.02243(87) -0.00821(59) 0.01528(31) -0.00030(60) 0.00051(58)




Table IIl. The equation of state and the dimensionless elastic compliances of the B-structure of the heptamers (N= 36)

p* v* Si S22 Siz Ses Sea Sy
1 2 3 4 5 6 7 8

1000 1.0142428(13) 0.000000282(13) 0.000000148(8) -0.000000038(4) 0.000000193(9) 0.000000005(3) 0.000000010(6)

860 1.0143034(16) 0.000000385(23) 0.000000200(3) -0.000000059(2) 0.000000260(6)  -0.000000005(7)  0.000000016(14)

739.6 1.0143741(16) 0.000000526(13) 0.000000260(6) -0.000000073(8) 0.000000345(9)  -0.000000010(14) ~0.000000000(15)
636.056 1.014455(2) 0.00000070(6) 0.000000362(16) -0.000000101(9) 0.00000049(3)  -0.000000018(10) 0.00000003(3)
547.008 1.014546(2) 0.00000093(3) 0.000000505(13)  -0.000000174(10) 0.00000062(3) -0.00000001(2) 0.000000012(4)
470.427 1.014647(4) 0.00000122(7) 0.000000605(15) ~0.000000175(9) 0.00000084(5) 0.000000016(18) -0.00000002(4)
404.567 1.014778(3) 0.00000186(8) 0.00000090(4) -0.00000025(4) 0.00000112(3) 0.000000013(9) ~0.00000008(5)
347.928 1.014919(3) 0.00000238(12) 0.00000118(3) -0.000000328(14) 0.00000142(5) -0.00000002(2) -0.00000003(5)
299.218 1.015091(5) 0.00000318(14) 0.00000160(7) ~0.00000027(4) 0.00000203(3) 0.00000001(7) -0.00000004(7)
257.327 1.015293(4) 0.0000046(3) 0.00000216(9) ~0.00000046(7) 0.00000274(9) -0.00000001(6) -0.00000011(18)
221.302 1.015505(5) 0.00000543(8) 0.00000304(8) -0.00000080(12) 0.00000379(13) -0.00000019(4) 0.00000016(18)
190.319 1.0157976(17) 0.0000081(4) 0.00000411(12) -0.00000104(10) 0.0000058(3) -0.00000011(11) -0.0000000(2)
163.675 1.016100(9) 0.0000110(7) 0.00000546(15) -0.0000013(2) 0.0000068(3) -0.0000002(3) -0.0000003(3)
140.76 1.016454(4) 0.0000140(9) 0.00000736(17) -0.00000210(17) 0.0000089(3) 0.0000002(1) ~0.00000052(12)
121.054 1.016898(8) 0.0000207(10) 0.0000099(4) -0.0000031(5) 0.0000136(6) 0.0000002(4) 0.0000001(8)
104.106 1.017433(16) 0.0000300(18) 0.0000138(6) ~0.0000043(10) 0.0000178(7) 0.0000000(3) 0.0000006(4)
89.531 1.01798(2) 0.0000358(14) 0.0000170(7) -0.0000062(3) 0.0000239(14) 0.0000000(9) -0.0000000(6)
76.997 1.01866(2) 0.000052(3) 0.0000251(9) ~0.0000089(10) 0.0000315(15) ~0.0000002(8) 0.000001(1)
66.217 1.01941(3) 0.000068(4) 0.0000326(6) -0.0000112(9) 0.0000425(18) -0.0000001(9) 0.000000(1)




1 2 3 4 5 6 7 8
56.947  1.020351(18) 0.000100(2) 0.000047(2) -0.000013(3) 0.000071(3) 0.0000026(14) 0.000003(2)
48.974 1.02144(3) 0.000147(4) 0.000066(3) -0.000027(3) 0.000077(3) -0.0000013(13) 0.000005(4)
42.118 1.02273(4) 0.000196(3) 0.000087(3) -0.000032(5) 0.000113(8) -0.0000010(16) -0.000003(6)
36.221 1.02411(4) 0.000268(5) 0.000111(3) -0.000048(5) 0.000158(3) 0.000006(2) 0.000002(6)
3115 1.02592(4) 0.00039(3) 0.000157(5) ~0.000067(10) 0.000211(9) 0.000019(4) -0.000019(6)
26.789 1.02804(5) 0.00051(3) 0.000204(4) ~0.000093(9) 0.000290(4) -0.000008(7) 0.000014(11)
23.039 1.03063(9) 0.00078(4) 0.0003110(19) -0.000171(15) 0.000442(13) 0.000019(9) 0.000001(16)
19.813 1.03353(10) 0.00112(4) 0.000422(13) -0.000250(17) 0.000645(17) 0.000021(16) -0.00008(3)
17.04 1.0368(2) 0.00138(10) 0.00065(4) -0.00037(5) 0.00114(17) -0.00008(3) 0.00000(3)
14.654 1.04088(16) 0.00214(8) 0.00092(4) -0.00062(3) 0.00158(8) -0.00003(6) 0.00024(10)
12.602 1.0459(3) 0.0035(4) 0.00152(9) -0.00112(18) 0.009(5) -0.0004(2) 0.0004(3)
10.838 1.0540(7) 0.0070(15) 0.0064(16) -0.0049(15) 0.0043(3) 0.0006(3) -0.0006(3)
9.321 1.06049(18) 0.0067(5) 0.0068(4) -0.0046(4) 0.0049(3) ~0.0003(3) 0.0000(2)
8.016 1.06663(13) 0.0079(10) 0.0075(5) -0.0052(6) 0.0054(6) -0.0001(3) 0.0001(2)
6.894 1.07394(13) 0.0063(4) 0.0064(3) -0.0032(3) 0.0055(3) -0.0004(3) 0.00016(14)
5.929 1.0816(2) 0.0073(2) 0.0078(6) -0.0035(4) 0.0057(3) 0.0002(3) -0.0004(3)
5.099 1.08927(15) 0.0098(3) 0.0090(3) -0.0041(3) 0.0074(3) -0.00082(4) 0.0007(3)
4.385 1.0992(2) 0.0107(3) 0.0117(6) -0.0050(3) 0.0079(3) 0.0002(5) -0.0000(4)
3771 1.10983(12) 0.0142(9) 0.0147(3) -0.0063(4) 0.0092(5) -0.0005(3) 0.0003(2)
3.243 1.12050(19) 0.0182(5) 0.0187(8) -0.0067(4) 0.0124(5) 0.00029(17) 0.0000(4)
2.789 1.1331(3) 0.0219(7) 0.0216(4) -0.0074(3) 0.0159(3) 0.0001(3) 0.0002(3)




Table 1V. The equation of state and the dimensionless elastic compliances of the J2-structure of the heptamers (N= 36)

p* v Su S22 Siz2 Ses Se2 Sy
1 2 3 4 5 6 7 8

1000 1.0003303(13) 0.000000204(4) 0.000000138(4) 0.000000017(4) 0.000000140(3) 0.000000001(3) -0.000000004(4)

860 1.0004312(06) 0.000000259(13) 0.000000207(%) 0.000000020(6) 0.000000182(8)  ~0.000000002(1) 0.000000012(3)
739.6 1.000532(2) 0.000000354(17) 0.000000250(3) 0.000000027(4) 0.000000270(9) 0.000000008(9) 0.000000010(12)
636.056 1.000532(2) 0.000000438(12) 0.000000342(7) 0.000000027(5) 0.00000033(2) 0.000000018(4) 0.000000007(9)
547.008 1.0006331(18) 0.00000070(3) 0.000000456(13) 0.000000026(10) 0.000000467(6) 0.000000013(9)  ~0.000000007(13)
470.427 1.000734(3) 0.00000086(4) 0.000000604(13) 0.000000041(10)  0.000000684(16) -0.000000042(10)  0.000000001(15)
404.567 1.000936(3) 0.00000117(5) 0.00000087(3) 0.00000008(4) 0.000000804(8) -0.00000003(3) -0.00000001(3)
347.928 1.0010370(16) 0.00000156(4) 0.00000120(3) 0.00000007(2) 0.00000120(4) 0.000000017(16) 0.00000005(3)
299.218 1.001239(9) 0.00000207(6) 0.00000172(8) 0.00000014(4) 0.00000151(5) -0.00000003(5) -0.00000009(3)
257.327 1.001441(4) 0.00000303(10) 0.00000221(4) 0.00000019(7) 0.00000213(6) -0.00000002(3) -0.00000012(8)
221.302 1.001643(6) 0.00000381(14) 0.00000280(6) 0.00000017(6) 0.00000301(3) -0.00000005(4) -0.00000003(8)
190.319 1.001946(6) 0.00000552(18) 0.00000406(10) 0.00000041(10) 0.00000392(7) -0.00000004(11) 0.00000001(11)
163.675 1.002248(6) 0.0000073(4) 0.0000055(2) 0.00000067(17) 0.00000536(12) 0.00000023(6) 0.00000026(10)
140.76 1.002551(11) 0.0000098(3) 0.00000744(14) 0.0000008(2) 0.0000071(4) -0.00000015(18) -0.00000011(9)
121.05) 1.002955(9) 0.0000129(7) 0.0000093(5) 0.0000004(5) 0.00000954(16) 0.00000020(16) 0.00000009(12)
104.106 1.003561(16) 0.0000177(5) 0.0000133(5) 0.0000013(4) 0.0000134(4) ~0.0000004(3) -0.0000006(4)
89.531 1.004066(11) 0.0000233(12) 0.0000172(5) 0.0000007(5) 0.0000195(7) -0.0000005(3) -0.0000001(3)
76.997 1.004672(13) 0.0000337(6) 0.0000250(6) 0.0000039(3) 0.0000247(2) -0.0000002(3) -0.0000017(7)
66.217 1.00548(3) 0.0000435(14) 0.0000313(11) 0.0000033(11) 0.0000361(16) 0.0000000(3) 0.00006003(10)




1 2 3 4 5 6 7 8

56.947 1.00649(2) 0.0000590(19) 0.0000452(18) 0.0000034(3) 0.0000447(14) -0.0000012(6)  -0.0000017(10)
48974 1.007499(19) 0.000082(3) 0.0000627(11) 0.000006(3) 0.000061(3) -0.0000006(10)  -0.0000011(18)
42.118 1.00871(2) 0.000114(4) 0.000084(2) 0.0000079(17) 0.000085(2) -0.000001(1) -0.000005(4)
36.221 1.01063(6) 0.000150(7) 0.000107(3) 0.000011(6) 0.000115(5) -0.000001(3) ~0.000001(5)
3115 1.01164(5) 0.000204(6) 0.000145(3) 0.000009(4) 0.000170(3) -0.000007(5) -0.000005(3)
26.789 1.01366(3) 0.000273(8) 0.000207(4) 0.000015(4) 0.000237(7) -0.000004(3) 0.000002(12)
23.039 1.01568(10) 0.00037(2) 0.000256(9) 0.000023(3) 0.000291(9) -0.000005(8) -0.000015(9)
19.813 1.01870(10) 0.00051(3) 0.000391(13) 0.000043(12) 0.00045(3) ~0.000010(9) 0.000008(9)
17.04 1.02173(8) 0.00070(4) 0.00051(2) 0.000051(17) 0.000594(19) -0.000004(15) 0.000001(12)
14.654 1.025779) 0.00098(2) 0.000719(17) 0.00003(4) 0.00081(3) 0.000001(11) -0.00002(3)
12.602 1.02981(13) 0.00149(8) 0.00094(4) 0.000129(7) 0.00112(7) -0.00001(3) -0.00002(4)
10.838 1.03486(8) 0.00211(14) 0.00123(4) 0.00010(6) 0.00171(4) 0.00001(2) -0.00002(7)
9.321 1.04193(18) 0.00271(12) 0.00189(7) -0.00001(9) 0.00243(7) 0.00008(8) -0.00008(7)
8.016 1.04899(13) 0.00441(19) 0.00226(8) 0.00008(8) 0.00416(15) 0.00008(9) 0.0000(2)
6.894 1.0742(3) 0.0066(4) 0.0066(4) -0.0035(4) 0.0052(3) 0.0003(2) -0.0001(3)
5.929 1.0813(3) 0.0082(4) 0.0080(4) -0.0041(4) 0.00576(14) 0.0000(2) -0.0003(2)
5.099 1.0904(2) 0.0094(6) 0.0086(6) -0.0039(4) 0.0070(3) 0.0004(3) 0.0001(2)
4385 1.09947(15) 0.0113(3) 0.0108(3) -0.0045(5) 0.00818(14) -0.0001(3) 0.00036(18)
3.771 1.10957(16) 0.0149(6) 0.0141(3) -0.0056(6) 0.0096(2) 0.0000(2) 0.0000(2)
3.243 1.1207(3) 0.0166(6) 0.0174(13) -0.0069(7) 0.0119(9) -0.0002(4) 0.0004(3)

2.789 1.1328(4) 0.0223(3) *0.0241(6) -0.0086(8) 0.0161(5) -0.0006(5) 0.0002(3)




116 Elagtic Constants of Dense Crystalline Phases of Two-Dimensional Hard Cyclic Heptamers

'2 T T f T
3+
4L _
5 Fig. 6. The relative volume depen-
dence of the elastic compliances of the
*A" structure A-structure of the heptamers

6} ————— Log(S11) _

—>—- Log(S22)

—F— Log(812)

—O—— Log(S66)
s

L f
-8 . J) L 1 . 1 ) I L
1 1.01 1.02 1.03 1.04 1.05
V*
-2 T T J T T T T
3+ N
4+ _
Fig. 7. The relative volume depen-

5k B dence of the elastic compliances of the

B-structure of the heptamers

5 “B* structure

-6 ——+—— Log(S11) 7
& —>¢— Log(522)

- & ——B— Log(ABS(812))

. i ——O6—— Log(S66)

-8 . 1 . L . ) .
1.01 1.02 1.03 1.04 1.05

V*



K. W. Wojciechowski and K. V. Tretiakov 117

2 : — : -

Fig. 8. The relative volume depen-
dence of the elastic compliances of
the J2-structure of the heptamers (

¥ *J2" structure
-6 & . ———+—— Log(S11) -

——X—— Log({822)
—HF—— Log(812) 1
——©—— Log(566)

g

1 1.01 1.02 1.03 1.04 1.05
v*

To test the dependence of the results on the system size (i.e. number of particles) afew series
of runs were performed for various N for the B-structure at afew pressures. The obtained elastic
compliances are shown in Tablel. In al tables and figures the Voigt notation is used. It can be
seen that the results for systems of various sizes are within the obtained experimental errors.
These results indicate that the elastic compliances of a perfect structure in the thermodynamic
limit are well approximated (within a few percent accuracy) by even the smallest system studied.
For this reason further studies have been done for systems consisted of N= 36 heptamers.

The elastic compliances of the three dense crystalline structures (A, B, J2) of the heptamers
are collected in Tables I1-1V and their volume dependence is illustrated in Figs. 6-8. It can be seen
that despite the anisotropy of the studied structures, what does not alow for exploiting symmetry
to reduce experimental errors, the results are rather well convergent what means that the applied
method can be effective for quite complicated intermolecular interactions.

Knowledge of the elastic compliances allows one to calculate al the elastic properties of the
system, including the Poisson's ratio. As the dense structures of the heptamers are anisotropic,
the Poisson's ratio can depend on the direction, in genera. In Fig. 9 the dependencies of the
Poisson's ratio on the relative volume are shown in the xy and yx directions. It is easy to notice
that in the case of the B-structure the Poisson's ratios show a strong dependence on the direction
and volume. In the denser structures A and J2 this dependencies are much weaker.
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It should be stressed that the two densest structures of heptamers, A and J2, exhibit anomalous
(negative) values of the Poisson's ratio, seeFig. 9.

4. SUMMARY AND CONCLUSIONS

Studies of the equation of state and structure of the heptamer system indicate that fluid freezes
into a rotational phase of hexagonal lattice. Close to melting the atomic density distribution
around the lattice sites is amost circular. At higher pressures, atomic patterns of 6-fold symmetry
have been observed in this phase around each lattice site. This proves the existence of a strong
translational-rotational coupling. Existence of a continuous phase transition between strongly
hindered and almost free rotation is expected in this system in the vicinity of p* =2.8. Thisisin
aclose analogy to the planar hard cyclic pentamers [10, 11],

At very high pressures the molecular rotation is frozen and the system forms aperiodic lattice
of lower symmetry. Three different crystalline structures were simulated at very high pressures.
Thermodynamic stability ranges of these structures have not been determined. This is because
standard simulations, like the present studies, are, in general, not able to distinguish between
thermodynamically stable and metastable high-density structures. With no doubts, however, the
simulated structures are metastable in certain ranges of density. This is sufficient to comupte their
elastic compliances by using the strain-fluctuation method [12]. Despite the anisotropy of all the
studied structures and the anisotropy of the intermolecular interactions of the heptamers, the
results shown in Tables 2-4 indicate that the obtained method is sufficiently well convergent to
give results within an accuracy of afew percent. This encourages one to apply this method to
more complex systems.
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The data obtained in this paper can be used to extend possible tests of theoretical approxi-

mations for the elastic constants to anisotropic molecular systems.

It is worth to stress that some dense structures found in the heptamer system show negative

values ofthe Poisson's ratio. This result may have interesting consequences for some granular

systems.
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