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Abstract: An algorithm was developed for solving transient, three-dimensional, quasi-linear, inverse
problems of heat and mass transport in nonhomogeneous agricultural products of irregular geometry. A
numerical approach consisted of an optimization technique and a generalized finite element method, with
the use of isoparametric, curvilinear, 3D-space elements, and a three-point recurrence scheme in time,
absolutely stable, with iterative procedure to deal with the quasi-linearity of equations. A computer pro-
gram was developed and the method was applied to estimate the moisture diffusion coefficient, and then
to predict heat and moisture transport in individual corn kernels during drying.

1. Introduction

Proper understanding of heat and mass transport in complex agricultural products is
an essential ingredient in the advancement of food processing systems. Therefore, fast
and reliable computer methods for predicting such processes as heating, drying, and
cooling of biomaterials are of particular importance.

Accuracy of predictions depends on adequate representation ofthe process parame-
ters in the mathematical model. In case of heat and mass transport in agricultural pro-
ducts, it has not been fully determined which ofthe factors responsible for the process
should be considered in the model. It has generally been accepted that the effective mois-
ture transport coefficient is the most critical quantity affecting accuracy of predictions in
case of drying agricultural products [4, 5, 6, 9], Its value is highly dependent on the
product moisture content, changes during drying, and also manifests significant differ-
ences for the product components. Such nonhomogeneity is the most significant factor in
the first and middle periods of dry ing, whereas the geometric irregularity of the product
is the most pronounced factor in the final period [9, 11],

Due to the complexity of biomaterials and the interactions which occur between the
product and the surrounding fluid, direct determination of some coefficients is cumberso-
me and often leads to erronecous results. Thus, an indirect approach was examined in this
study to estimate unknown coefficient values, based on the inverse heat and mass trans-
port concept [1, 2, 3, 8, 10], optimization techniques [7], and the structural mathemati-
cal model for the corresponding direct problems of heat and mass transport [9, 11],

The objectives of this study were to develop a numerical algorithm for solving tran-
sient, three-dimensional, quasi-linear, inverse problems of heat and mass transport in
nonhomogeneous agricultural products of irregular geometry, and to estimate, using
measured and predicted moisture content values, the moisture diffusion coefficient in the
thin-layer drying of corn.
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2. Development of an algorithm
2.1. Mathematical model

The mathematical structural model of heat and mass transport can be represented as
the following system of coupled quasi-linear differential equations of heat conduction
and moisture diffusion with the initial and boundary conditions of the first and third kind
[6, 9I:

a A 9,, _ N
aT - V(;vn - ang =0, (k0 € Qx(0,1.], (1)
%M - V(D, VM) - V(D,,VT) = 0, (x,1) € Qx(0,1,], @)
T(x,0) = Ty(x), Mx0) = My(x), & €Q, (3)
Tee,0) = T,(x), M@0 = M,(x), (x,1) € dQx(0,z], (4)

VT +hg(T-T.) = 0, D,nVM+h,(M-M,) =0, (5,0 € dQ"x(0,t]. (5)

The operational model was developed by applying the finite element approximation to
Eqns (1-5) with the use of isoparametric, curvilinear, three-dimensional elements (rec-
tangular prisms as parent elements), and a three-point recurrence scheme in time, abso-
lutely stable, with an iterative procedure to deal with the quasi-linearity of equations [9,
11], Procedures controlling the solution accuracy, stability and susceptibility to oscilla-
tions, and the computational efficiency were also developed. The final operational model
is given as:

» Three-point recurrence scheme composed of algebraic equations:
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where

ytZk'] = k(xk’tt), yIZk = Mk(xk,ft), k=1,.. NN, (7)
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T = 1,...,NT—1. (9)

¢ Two-point starting scheme for the first time interval.

« Set of data representing conditions of the process.

e Empirical equations to calculate the equilibrium moisture content and the moisture
diffusion coefficients for the grain kernel components.

Material nonhomogeneity and geometric irregularity of a product (a corn kernel in the
example investigated) were considered as shown in Fig. 1. Photographs of kernel sec-
tions were taken, and then curvilinear 3D elements were related to corresponding nodes
and material components in the global orthocartesian system of coordinates. The analysis
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Fig. 1. The representation of nonhomogeneity and geometric irregularity of an agricultural

product (corn kernel) by means of three sections against a background of the basic solid.
of convergence, stability, susceptibility of solutions to oscillations, and computational
efficiency was carried out. Due to the stiffness of the problem, the extreme eigenvalues
of the global matrix were estimated, the vanishing times for the solution components
were determined, and accordingly two phases of solution were introduced, differing in
time intervals. To reduce a very strong oscillatory disturbance of solutions due to the
abrupt change of the boundary condition at the initial instant of the process, a finer grid
was applied.

75



The operational structural model presented in this section covers significant factors
which have been disregarded in most of other models, as reviewed in [5, 9], Accuracy of
predictions depends critically on those factors, and simplification of the model leads to
erroneous results, as depicted in Fig. 2.
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Fig. 2. Effects of disregarding variability of the moisture diffusion coefficient, material honho-
mogeneity and geometric irregularity on the accuracy of predictions for moisture transport in
individual corn kernels.

2.2 The algorithm for solving inverse heat and mass transport problems

The final algorithm was developed on the basis of an inverse problem approach, the
operational model for solving direct problems presented in Section 2.1, and the quasi-
Newton optimization technique. The algorithm, given below, can be used for solving
transient, three-dimensional, quasi-linear, inverse problems of heat and mass transport in
nonhomogeneous agricultural products of irregular geometry.
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Read the set of data items, including:

measured temperature and/or moisture content values at selected locations in
the interior of a product and selected time instants,

the initial guess for the selected coefficient subject to estimation (the thermal
conductivity, the moisture diffusion coefficient, the convective heat transfer
coefficient or the convective mass transfer coefficient).

Start the iterative instruction of finding minimum of the objective function with res-
pect to the coefficient values subject to estimation by the quasi-Newton method until
the assumed accuracy or the maximum number of iterations is reached.

Determine the space and time distributions of the temperature and/or the mois-
ture content by the PES module (Parabolic Equation Solver).

Compute the objective function, defined as the sum of the squares of the differ-
ence between the measured and predicted temperature and/or moisture content
values.

Write the current results (values of the iteration index, the objective function
and the coefficient estimated) to the database file.

Increase the iteration index value.

End the iterative instruction of finding minimum of the objective function when the
assumed accuracy or the maximum number of iterations is reached.

Write the final results to appropriate database files.

3. Method

The algorithm for solving inverse problems of heat and mass transport in agricultural
products was applied to solve a problem of thin-layer drying of corn. Empirical data on
moisture content changes in dried corn were collected experimentally as described in [9].
The operational structural model presented in Section 2.1 was used to predict the corre-
sponding moisture content changes numerically. The results were compared, and the
objective function was computed as the sum of the squares of the difference between the
measured and predicted moisture content values. The objective function was minimized
with respect to the coefficient subject to estimation by the quasi-Newton method. The
gradient of the objective function was also determined to control accuracy of the optimi-
zation procedure. The estimated values of the coefficient (the moisture diffusion coeffi-
cient in this case) were used to predict the corn kernel drying behavior, and the proposed
method was validated by comparing final numerical predictions (moisture content chan-
ges), averaged over the grain kernel domain, to an additional set of experimental data.

A computer program (Inverse Problem Solver) was designed and coded in Fortran.
The IPS program included appropriate modules for solving direct heat and mass trans-
port problems (Parabolic Equation Solver), for computing the objective function, and for
minimizing this function with respect to the estimated coefficient. Numerical simulations
were performed for 480 curvilinear isoparametric 8-node hexahedral elements, 693 no-
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des, and 300 time intervals, with an iterative procedure due to quasi-linearity of equations.
4. Discussion of results and conclusion

Application of the developed algorithm to solve an inverse problem ofthin-layer dry-
ing of corn, with the moisture diffusion coefficient as the coefficient sought, resulted in
an increase in accuracy of prediction. Moisture content changes in dried corn kernels,
computed for uncertain values ofthe moisture diffusion coefficient given in literature [9]
and validated by experimental data, showed the global relative error of 10.6%. That va-
lue was reduced to 6.5% when the proposed algorithm was used to estimate the moisture
diffusioncoefficient.

The algorithm presented in this study can be used to solve accurately and effectively
inverse problems of heat and mass transport in complex agricultural products. It can
handle transient character of the process, dependence of the transport coefficients on
temperature and moisture content, material nonhomogeneity and geometric irregularity
ofthree-dimensional objects, and natural (third kind) boundary conditions. Estimation of
unknown coefficient values is possible for the thermal conductivity, the moisture diffu-
sion coefficient, and the convective heat and moisture transfer coefficients in the bound-
ary layer.

If experimental data representing process parameters are questionable, and thus a
solution to a direct heat and mass transport problem is inaccurate, implementation of the
inverse problem concept discussed in this study is recommended. In particular, if values
ofthe basic process parameters such as the thermal conductivity, the moisture diffusion
coefficient, and the convective heat and moisture transfer coefficients in the boundary
layer are uncertain, the algorithm can be very useful.
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List of symbols

A, B = coefficient matrices ofthe global set ofalgebraic equations,

c = specific heat (J'kg'1°K’l),

D, = moisture diffusion coefficient (mz°s’1),

D, = moisture thermodiffusion coefficient (m”*Kes™),

h., = convective heat transfer coefficient in the boundary layer of the domain Q
(Wem2K™),

h,, = convective moisture transfer coefficient in the boundary layer ofthe domain Q
(mes™),

M = nmoisture content at point x € Q and time t € (0, t.] (decimal, dry basis),

M, = moisture content at point X € Q and time t = 0 (decimal, dry basis),

M, = equilibrium moisture content determined either at point X € A€ or at points

outside the boundary layer of the domain @ at time t € (0, t.] (decimal, dry

basis),
NT = number oftime intervals,
n = unit vector normal to the surface d€2, directed outward,
t = time (s),
te = instant limiting time ofthe process from the right side (s),
T = temperature at point X € € and time t € (0, t.] (K),
T, = temperature at point X € Q and time t = 0 (K),
T, = air temperature at points outside the boundary layer of at time t € (0,t,] (K),
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temperature at point x € dQ and timet € (0,t7] (K),

coordinates of a point in the orthocartesian system of coordinates (m),
vector of nodal values of the moisture content and temperature at time t;,
coefficient used in Eqn (1) (K),

time interval (s),

thermal conductivity, (Wem'<K'),

parameters of the problem approximation in time (fraction),

free term vector of the global set of algebraic equations,

density (kgem™),

domain of the solid in the three-dimensional euclidean space (m°),
boundary of the domain Q (9" - for the essential boundary condition, and 3Q"
and Q™  for the natural boundary conditions (m?),

gradient operator.
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